NOTES ON MONOTONICITY APPROACH

GUOQING CUI

This notes contain two parts, including Yuan’s Pogorelov’s Hessian estimates for Monge-Ampeére
equation [Yuan], Collins and Tong’s boundary regularity of optimal transport map on convex domains[CT]].
The same point is that they all use the monotonicity approach.

1. MONOTONICITY APPROACH TO POGORELOV’S HESSIAN ESTIMATES
Theorem 1.1. [Yuan| Let u be a smooth convex solution to
det D*u=1

with Du(0) =0 on
D, = {:L‘E]R”:$~Vu§7"2}.
Then we have

aDT 2n
(1.1) D2u(0)] < Q\Blwﬁupuumm

Remark 1.2. We define the following sets
D, (u,x0) == {z € Q: (z — m) - (Vu(z) — Vu(zy)) < 1%}

which we call extrinsic balls of radius r centered at xy. Up to a factor of 2, the extrinsic ball
and the sections have the same shape. Indeed, we assume that xo = 0, u(0) = 0, and Vu(0) =0 by
subtracting a linear function, by convexity we have

(1.2) u(z) = u(r) —u(0) <z -Vu(r) <u2z) —u(z) < u(2zx),

from which the two inclusions follows immediately

1

55 (u,z0) C Dy(u,x0) C Sp2(u, o)
Proof of Theorem . Taking the gradient of both sides of log det D*u = 0, we have
(1.3) uu, =0, foreach k=1,2,--- n.

Denote g = (g;;) = D*u, and we can write the Laplace-Beltrami operator as A, = ¢”d,;. Let
z=x-Vu(x) =z (Vu(z) — Vu(0)) > 0.
For any fixed point p, since the object we study is invariant under coordinate rotation, we may

assume that D?u is diagonal (which yields g% = UL” at the point p), then at the point z = p, we have

0 0 . .
\ng\z = <zig’]f, zkgkl—> = 970,20,z = g" (w; + Tpur;) (uj + Trug;)

Ox; ox; g
2
(1.4) £ g“(uf + Ifui + 2xuuy) = i + xfuu + 2xu; > dxgu; = 4x - Vu(z) = 4z,
3 3 ) Vo2
(1.5) Az = g7 (2uij + TrUky) (K} 2¢"u;; £ 2g" g = 2n < gl i :
z
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Denote s = /z, then at the point p, we have

1 ()
(1.6) [Vgs| = 2—\/E|ng| > 1
T P R S L AN 1 2
Bys = 9705 = 9" (2— 1 ) = 5507 T 1l Ve?l
L 1 n|v,z)? 1 n—1 n—1
(].7) S %2—892 — E gZ|2 = F|ng|2 = 5 ‘VQS|2.

Step 1. To show that: For any nonnegative superharmonic quanlity g, i.e. satisfying
¢g>0 and Ayg <0,

one has

1

(1.8) W/qudx < ¢(0).

Now we shall prove () Set

¢(s):=/ootx g Jar" =25 0<s<p
s P 0, 5>p

where y is taken as a nonnegative smooth approximation of the characteristic function of (—oo, 1) C
(—00, 00) with support in (—oo, 1). Then we have

Agih(s) = g7 (W'si); = W' g7 sij + 0" g7 sis5 = W' Dgs + 9|V s’
s
compute v/ = sx(s/p)Ays + | ~x(5/p) = (/)| 9,5
: s
wing @) 2 = [is/o) + 2 s/0)| 19,58
n d —n
=/ Hd—p (P"x(s/p)) [V gs]*.
Multiplying ¢ both sides and integrating over the whole maximal surface M := (z, Du(x)), we have
d —n
0 2/ PAgqdV, =/ gAgpdVy > pt— U ap~"x(s/p)|V ¢s[* V.
M M P LM

Note that 1 < |V s — 1 as ¢ — 0 and dV, = Vdet D>udz = dz. Indeed, near 0, we denote

(Vgz|?  an T oiui + 2250,

Vsl =
| gs‘ 4z 4$ZUZ
i (0)222+2X;(0)0(|z|?
L, o + Xi(0)2? + O(Jal*) LI Ll s
-2 o4 = T :
2 40 (0)z? + O(|z|?) 2 4 4

Taking limit in the smooth approximation of the characteristic function, we know that

F(p) = p‘”/ q|Vys]* da = p‘”/ q|Vysl® dx
{s<p} {z-Vu(z)<p?}
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is non-increasing. So 1im+ F(p) > F(r). Since near 0, [{z - Vu(z) < p?}| = {27 D*u(0)x < p*}| =
p—0
det D*u(0)|B,(0)] = |B1(0)|p", we have lir(r)1+ F(p) = q(0)|B1(0)|. Then
p—

IB1(0)]g(0) > r / AV, 52V, > / qde.
Dy

T

Step 2. Jacobi inequality:

Lemma 1.3. Suppose u is a smooth convex solution to det D?>u = 1. Then

1
(1.9) Aglogdet (I + D*u(z)) > 7 Vg logdet (I + D*u(z)) |2_
n
Or equivalently for q(x) = [det (I + D%d@)]‘ﬁ)
(1.10) A<
Step 3. Let

q(z) = [det(I + D*u(z))] 2"
be the desired superharmonic quantity. Note that by Holder inequality,

2
1 1
DrQZ(/ 2 _1/2(1.73) </ da:/ “ldr, = < / .
|D,| rq q < Tq Tq T adz = ID.P qu

Then we have

(det [1+ Du(0)])*> = - by (L.9)

1 1
| By | 2/ (14 M) (1+ A)]2 dae < |Byr"™ 2/ (1 4+ Apax) dz
|D7“| r |Dr| D,
< By —— /2)\ d<|By"—2/Ad By —2 / d
>~ T max AT = r uar = r u o
DR I, DR b, DR Jop,
< 2’81‘7" |D ’2 HDUHLOO(DT‘).

Hence we obtain

8DT 2n
|D*u(0)] = Amax(D?u(0)) < det [I + D*u(0)] < <2yBl|r" |‘D ’2’ ||DuHLoo(DT)) .

Now it remains to show that Lemma B

Proof of Lemma . Denote
b(z) = logdet (I + D*u(x)) .

For any fixed point p, we assume that D?u is diagonalized. we can calculate at the point p

(1.11) 0 = 0, logdet D*u = gijuija = " Ujia,

0=0s (gij uija) = gij Uijas — Qikglj Gk1gWija
(1.12) Agtas = 97005 = 9" g urigttije = 9" ¢ tniatns.
Note that

aab = (I + g)”uija
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Dapb = (I + 9)70npui; — (I + 9)*(I + 9)Y 05 (1 + i) thija
= (14 ) " Oapttss — (14 wpr) ™ (1 + ug) ™ Upiatips-
We obtain that

Agb = gaﬁﬁaﬁb = ¢““Onab

= (14 i) g Onattii — ¢ (1 + ugg) (1 + uy) ~tuiy,
using ([1.12) = (1+X) g™ g2, — (1 4+ )71+ N) " Hudy,

=(1+XN)""¢ gkkufyk (T4+X) "1+ A )_lgjjuz'
= (L4 M) = A (L4 XN) 711+ M) g g7 g,
= N(1+ X))+ Ap)th?

ijk>
where we denote the second fundamental form /g% g7 g**u;;1, by hiji. Let p; = f\‘z_l € (—1,1). We
have

Ltps T—pi 1— Mk _ 1

I—p ik
1
:Z Z zu_l—zl_luz le—{_zl_l—ﬂl z]]_{_zl_'_/“ (l_luk‘)huk
@ i#] i#] i#k
1
+7 1@+ i+ )X = )+ (24 i+ ) (L= 1) + (24 e+ 1) (1= )] b
1>5>k
1
=7 S (U= pd)hg +> (3= pf = 23 | + 3 > (3= gy — it — pp) by > 0.
i i#£j i>j>k

At the point p, we also have

2
1
‘vng = gaﬁ&ybﬁﬁb = ;gaa [; T)\juﬂa]
2
- Z [Z )N Vg Ja]
2 . )
- _Z [Z (L+m) W] - ZZ [Z<1—Mj)hz‘jj] :

i J
where the last inequality follows the fact that Y= hij; = ¢ >°. ¢%u;j; = 0 since ()
For each fixed i, case pu; > 0,

2
1 1
% <Z(]‘ - Mj)hijj> < 2(1 - /J“l zm +35 Z 1 - :U’] Z]_]

J J?él

< (1_{—#1)(1_#1 zzz+z 1_:uj+2(1_lu’lluj)} h?y]’
J#i

where in the first inequality we used

a-e<|alzllellz,  where a=(ay, - an), e =(1L,---,1),
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and in the last inequality we used
— 2 )
1(1 o ,uj>2 S 1 :uj fOI' Iu] S [O? 1)
2 2(1 — pip)  for p; € (—1,0), u; > 0.

For the case p; € (—1,0), symmetrically we have

2
1
o (Z(l + Nj)hijj> < (L ) (1= pa) s + Z [L— 115+ 2(1 = pap)] by
J J#

Hence

1 1
%|V9b|2 < 1 Z [(1 - /’L?)h?u + 2(3 - N? - Miﬂj>h?jj < Agb.

J#

Equivalently, we also have

Mgt =Byl H) = g0y(e ) =g (- 5eion
J

2n
_ e —L j
= 4—7126 2n g blb] — %6 2n g bij
1 b

v |1

2. PRELIMINARIES IN OPTIMAL TRANSPORT MAPS

Given domains 2, Q) C R™ equipped with measure p, v respectively with x(€2) = v(£). An optimal
transport map (with quadratic cost) is a measurable map 7" : 2 — (¥ that satisfy Ty = v, i.e.

/ poTdu = / wdv, for any v-integrable function
Q o

and that minimizes the cost function
o(T) :=— / x - T(x)du(x)
Q

amongst all measurable maps that pushforward p to v.

Brenier [Br] shows that a unique optimal transport map 7" always exists and it is given by the
gradient of a convex potential T'(x) = Vu(z) for p-almost every x. Moreover, the inverse optimal
transport map 7! = Vo : Q' — Q is given by the gradient of the Legendre transform of u, defined
by

v(y) := sup({z,y) — u(z)).
e
We say
9'(Vu(z)) det D*u(z) = g()

in Brenier’s sense if for any continuous function ¢ such that

[ oVug@ras= [ oy ( | o(Vuta))g/(Tuta) det DPuta) 1) ,

which is strictly weaker than the classical definition of weak solution, since it is unable to see the
singular part of det D?u.

Denote that the measures du = g(x)dx, dv = ¢'(y)dy are absolutely continuous with respect to
the Lebesgue measure. We present the main result on the regularity of u before:
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e When ) and ) are convex, and , Caffarelli [C1] proved that u satisfy the following Monge-
Ampere equation in the Alexandrov sense

{det D?u(z) = 2% _ for z € Q

g'(Vu(z))

21) Vu(Q2) = .

Moreover, if the domains are not convex, then Brenier’s solutions can fail to be an Alexandrov
solution to (R.1)), and u may not even be C*.

o If Q, Q) are bounded convex domains, and C~! < g,¢' < C, then u € C9(Q) [C2]. If g, ¢’ are
allowed to degenerate, but satisfy a doubling type condition [JS], this conclusion also holds.

o If Q, Q) are uniformly convex with C? boundary, C~! < ¢,¢' < C. and g,¢" are C*Hoélder
continuous, then v € C%>*(Q) [C3]. Earlier works of Delanoe [De] (in dimension 2), and
Urbas [U1] established the global C?" regularity assuming 99, 9Q' are C*', and g, ¢’ € C"'.

e Chen-Liu-Wang [CLW] removed the uniform convexity condition, proving that u € C%*((Q)
provided C~! < g,¢' < C are C%, and , ) are convex and C!-regular.

e Assuming 0, Y are convex and C'! regular, Chen-Liu-Wang[CLW] also establish the global
C11=¢ regularity (for any € > 0), and W?? regularity (for any p > 0) assuming that C~! <
g,g < C are continuous up to the boundary. Previously, Caffarelli established interior W??
estimates in [C4], while global W?? estimates were obtained for the Dirichlet problem by
Savin [Sal], and for the second boundary value problem by Chen-Figalli [CF].

e Without any regularity assumptions on the boundary, Savin-Yu [SaYu] in dimension 2 estab-

lishes the global C*1~¢ and WP regularity of solutions when g = ¢’ = 1 for arbitrary convex
domains €, Y C R2.

In the paper[CT], The first result is a global W?? and C''~¢ estimate for solutions of (@) in
arbitrary convex domains in any dimension, assuming C~! < g,¢' < C are C®. This extends the
results of Savin-Yu [SaYu] to all dimensions. (See Theorems @amd@)

The second result is a global C?“-regularity result, which extends the result of Chen-Liu-Wang
[CLW] from C%! convex domains to C** convex domains. (See Theorem @)

Definition 2.1. An optimal transport map (or more precisely, an optimal transport map between
convex domains equipped with doubling measures) will be given by the data ((2, p), (', v), u,v) where
(1) (2,Q) C (R}, RY) are two open (not necessarily compact) conver sets.

(2) u and v are measures with support Q0 and SV respectively such that
(a) They are absolutely continuous with respect to the Lebesque measure, and we set dy =
g(x)dx, and dv = ¢'(y)dy.
(b) The measures j (and v) are doubling, that is there exist constant C' > 1 such that for
any ellipsoid E C R™ centered at a point x € Q0 (or centered at y € '), we have

W(E) < Cu(%E) (07“ W(E) < om%m) |

The constant C > 1 is called the doubling constant of (u,v).
(3) (u,v) are a pair of strictly convex functions on (Q,K) such that

(a) Vu(Q) = Q' and Vo(Q') = Q.

(b) Let (u,v) be the minimal convex extensions of (u,v),
u(z) = sup{l(x) : [ is tangent to u at some point xy € Q},

o(y) := sup{l(y) : [ is tangent to v at some point yo € Q'}.
Then 4,5 € CL%(R") for some a € (0,1), and (4,7) = (v*,u*) where (v*,u*) are the

loc
Legendre transforms of (v,u).
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(c) (u,v) are Alezandrov solutions to the Monge-Ampére equations

oy 9@)
(2.2) det D7u(x) = mxg(x)
and
R A )
(2.3) det D%0(y) = 2Vl @ (y)

respectively.

Remark 2.2. By [JS, Theorem 1.1] (also see [SaYu, Remark 2.1]), the properties for u,v are always
satisfied by optimal transport maps when the measures (u,v) are doubling measures supported on
convexr domains.

For any xo € Q and h > 0, we define the section of v at z, of height & to be the convex set
Sp(u, zg) :={x € Q:u(r) —u(re) — Vu(xo)(x — x0) < h}.
We also define a centered section of u at xy € € to be
Sp(u,xg) == {x € R" : u(x) —u(zg) —p- (x —x9) < h}

where recall that @ is the minimal convex extension of u, and p € R™ is chosen so that S (u,zo) has
center of mass xg. By [C3], if the graph of @ contains no line, then centered sections always exist.
Given a centered section S = S (u, x), one can define the normalized section by

S = A(S)
where A is the (unique) symmetric positive definite matrix such that A(E) = B;(0) where £ is the
John ellipsoid of S. We call A the normalization matrix of S, and it satisfies (det A)[S| ~ 1. We
also define the normalized potential @ : S — R by
(w—1)(A7'7)
7 :

where [(z) = u(z) +p - (x — x0). It follows that §~: {@ < 1}, and the pair (S, 1) is a normalized
pair. Moreover, Vi : 2 — ' where Q = A(Q) and Q' = A1 A™HQ).

Furthermore, the following properties were established for doubling measures by Caffarelli [C3]

and Jhaveri-Savin [JS].

(7)) =

Proposition 2.3. [JS, Section 3| There exist constant ¢ > 0 depends only on dimension, and C' > 1
depending additionally on the doubling constant of g(x) and ¢'(y) such that

(1) Bc-» C Vu(S) C Be
= C'h(SE(u, 20) — 20)° C V(u—1)(SE(u, 20)) C Ch(Ss(u,z0) — 70)°.
(2) C~1h™ < |Sh(u, wo)||Vu(Sf (u, w0))| < Ch™.
(3) S5, (u, o) N C Sp(xo) C SEy,(u, ) NS
(4) Sc-11(v, Vu(zg)) C Vu(Sp(u,x0)) C Son(v, Vu(xg)).

In [C3, US|, it was also shown that if the measures are doubling, then the centered sections satisfy
the following engulfing property.

Proposition 2.4. [JS, Lemma 3.3] For any pair of constants 0 <t <t <1, there exists a constant
0 < s <1 such that

S§h<u7 Q:/) - lecL(uv .T)
for allz € Q and 2’ € tS¢(u,x) NQ. Moreover, the constant s depend only on t,t,n and the doubling
constant of g and ¢'.
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This engulfing property leads to the following C''° estimate [C2, JS]. (see also [SaYu])

Proposition 2.5. Given an optimal transport map ((2, g(x)dx), (', ¢’ (y)dy), u,v) with 0 € 0QN O
and u(0) = |Vu|(0) = 0. Assume that it satisfies
(1) g and ¢' has doubling constant bounded by K.
(2) S¢(u,0) C Bg(0) and S§(v,0) C Bk(0).
Then there exist 6 > 0 depending only on K and n such that
|l crepry + 19]lcrogy < C

for C' depending only on n, K, and R.
Proof. The proof follows from [SaYu, Proposition 2.5, Remark 2.1] using Proposition @ U

3. MONOTONICITY FORMULA

Definition 3.1. Let (2, g(z)dz), (2, ¢'(y)dy), u,v) be an optimal transport map, where g € Ch(Q)
(resp. g € CH(SY). We say that g(x) (resp. ¢'(y)) is weakly sub-homogeneous of degree [, with
constants (C,0) (resp. degree 1) if there are constants C,§ > 0, independent of r, such that

/ z-Vg(z)de < (I + 07’6)/ g(z)dx

T T

and

/ y-Vg'(y)dy < (k+ CT5)/ g (y)dy.

T T

By convention, if C =0 we take 6 = 1.

Proposition 3.2. Let ((£2, g(z)dz), (£, ¢'(y)dy), u,v) be an optimal tmnsport map with where (g(x), g'(y))
are positive, bounded uniformly away from zero, g € CL*(Q)NC*(Q), ¢’ € CLY(V)NC* (). Assume

in addition_that (g,¢') are weakly sub-homogeneous degree (1, k) with constants (C,0) in the sense of
Definition |3.1. Assume that 2,2 are smooth and strictly convex, 0 € QN Y. Define the quantity

_2(n+l) _ 2(ntk)

X(r) =1 55 u(Dy(u,0)) = r W p(D,(v,0)),

where

w(D, (. 0)) = (- V() < 12}) = / o(z)de.

{z-Vu(z)<r?}
Then there is a constant = 5(n, k,l) such that e —gor? X(r) is monotone non-increasing in .
Proof. Since Q, Q) are smooth, strictly convex and g, ¢’ are positive, C1® regular in the interior and
C® up to the boundaries, we have that u € C2%(Q) N C*>*(Q) and v € CZ*(Q) N C>*(Y) by

loc loc
Caffarelli’s regularity theory [C1, C2, C3].
Let f(x) = —5log(¢'(Vu(z))g(z)) and define the Laplacian

1 1
A = —0; det D2ue 70, g0
10 Jaer e VA DT 0,6) = 0,10 90,0)

- ) . ]
= u” i — uuP w05 + u —gi;.
g
The main observation is that we have the following formulas:

18g
Awu=n-+
d Zg 8y
(3.1)

10
Ay (x - Vu(zx —2n—|—2 ’8y Zgajxj



NOTES ON MONOTONICITY APPROACH

Indeed, by differentiating the optimal transport

g
det D*u =
et D"u 7V
with respect to z,, we have
9 ik, —_ L 99 g 99
g(Vu) T ¢(Vu) oz, (¢ (Vu)ZOym
i.e.
ik 1 1 9g'
U Uiy = ~Gp — — 7 Um
Tt g Oy
So

Ay = uuy; — uuP uiguy + u Egin

/1 19g ) 1
=n—uPu; <—g — — Uy | + U —giu;
"Ng™ g Oy g

1 1 94’ y

=n—u’-gu; + —=—u; + u’—-g;u
gt 7 9y, j j
1 9¢’

=n-+ ——=u

20"
For each 1 < m < n, we have
Ag¢(z - Vu(z ZAf Tl meAfum+umAf$m+2

. o 1
=2n+ Z {xm (u”umij — T gt + u”—giumj)
- 9
ik, jl ij 1
+ Uy | —UTU uiklfsmj +u Eglémj

1 Og & mi m 1
=9 _|_§ m——— + R T ikl + i
n [x g0z Um( U U Uikl U gg

1 dg (1 18¢ a1
=204 3 ot (i (G ) + ) |
ag’ 1 Jg
=2n + — U, — T
;9’3% Zg@x

Denote 1) = = - Vu(x) and consider the function ¢ = ~yu + ¢ for some v € R to be determined.
For k > 0, by coarea formula we compute

d [ _ / ) P / - / g(x) |
— (" g(x)dr ) = —kr " g(x)dr +r" —=dH""
dr( {p<r}inQ ( ) {p<rinQ ( ) {p=r}NQ |V¢| ( )

By (@), we have
Arp =yAsu+ Ap(z - Vu(z))

B 1 dg 1 dg
_W(H;My UJ)H s
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1 9g 10
=2+ n+ (1 +Nk+1+(14+7) Z—,—guj—k + Z——ga:j—l
7 g9’ 9y, ; O
1 9g 189
e (S5 ) (i 1)
where A = y(n + k) + 2n + k + [. Then we have
1 (14+7) 1 90¢'
gxdx:—/ Ard)g(x)dr — / ——u; —k | g(x)dx
/{w<r}mﬂ @) A {wg}rm( 9)9(2) A {v<rinQ 2]:9 y; 7 )

1 1 0g
— — ——xz; — x)dx
(3.2) A /{w<r}”9 (; g0z; " ) 9

1 (1+7) 1} 5/2
l A dy —C |2 2 d
ZKL@$ ;6)9() O[A +Arl;mﬁmx
1 (2+7) 5/2
B A dy — ——2 dx.
AL@m<W“@x crﬂémﬁmx

where we use the fact that (g, ¢’) are weakly sub-homogeneous of degree (I, k) with constants C(,d)
and the optimal transport equation. Precisely, we have

1
/ Z—%xj —1 g(x)dx:/ x-ngx—l/ g(x)de < C'T(S/Q/ g(z)dz,
fwerne \ 55~ 990 {¥<ring {w<ring {w<r}ng

1 6g’ y=Vu(z) / 1 ag’
——wu; — k| glz)dr " = ——y; — k| ¢(y)dy
/{wq«}m (z]: g dy; ) (@) (b<r} Ny ;9’ dy; ™’ )

<cot [ gdy=crt [ e
{p<riney {y<ringQ

It remains to analyze the first term. Let vyq denote the outward pointing normal vector to 0f).
We can now integrate-by-parts to get

(3.3)
1 e = L 9(8) ety o L SR
3 /{ m}m(mqﬁ)g( Jdr = < /Q m{¢_r}<w V) o () + 5 /a m{w}wgb, o0)ug(z) dH" 7 (z)

Now we compute

(Vo, Vi), = v(Vu, Vi), + (Vi, Vi),
= yu'uy( uj + Z Ty Upmj) + ut ( u; + Z Tppi ) ((u; + Z LUy )
= (1 + )’ ulu] + vzarmum + Qmeum + prxmump

= (1+9)|Vul; + IICCHi + @2+

We remark the notion. For vectors V, W, we denote by V - W the euclidean inner product, and use
|V| for the euclidean norm of V. We use

(VW) =VWl, VE=(V.V)y, (VW) =V Wy, VI = (V. V).
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Note that |V, ul]? = upuFuulu;; = uPupw, = |Vul?, (Vou, 2), = wubau; = vju; = o - Vu = 1.
We have

(Vé, Vioha = (VI + V1, /T + 7V 1) )u+[(\/1+7+1)2—2 1+7} (Vyt, 7)a
= [[(V1+7)Vgu—z[ + (1+ /1 +7)%

In total, we have

d ( _ / ) —( +1)/ _ / g(x) ]
— | r " g(x)dr | = —kr—\" g(x)dz +r—" dH"™
dr ( on{w<r} () on{p<r} (=) anfp=r} |VV| (@)
< [ T A e
A an{y=r}

[Vl
_ E —(k+1) 1 / ) ( ) n—1
)\1“ /Qmwr} < - |Vl (@)
_ Rt n-l
)\T /<9Qﬂ{¢<r} <V¢’ VaQ)ug(x) dH ($)
N K(2+7)

r= D) 0p0/2 / g(x)dz
A {<r}

Choose £ = k(7) so that 2 = (1 + /T +7)?; that is
Y+ k) +2n+k+1  [(VT+7)?2—1](n+k)+2n+k+1

ST Vi3t
_\/m—l( N 2n 4k +1
SV Y T

=2n+k+1)

(ﬁ>2—2(n+k) (ﬁ) +n+k.

and now choose v = 7, > 0 so that x, = k(7,) is minimized. We have

n+1 (n+k)(n+1)
(3.4) VIFR=10% Tt t D)

For these choices we obtain
(3.5)

i - . -2 —(n*+1)( _ ( ) n—1 )
= (7‘ /m{wq} gda:) <—(14++/147v)"r /Qﬂ{w:r} |(v/14+7)Vau H“|V@/}| dH"(x)

(14+/147v)" ~(Rat1) / (V, vaa)ug(z) dH" ()
oQN{y<r}
+ (14 V/1+%) 22+ %) C’r2 < “*/ g(x)dx)
Qn{y<r}

We now analyze the boundary term. We have

(Vo voa)u = u” (vau; +wi + zpwi) (voa); = (1+ v )usu” (vo); + 5 (ven);
Since ( is convex, and 0 € 0 we have
T Vo = 0
with equality if and only if 0 € 9Q and Q is conical near 0. Similarly, we note that u%(vaq);(z) is
normal to 9 at y = Vu(z). Thus, since 0 € €, the convexity of Q' yields

uiu? (vpa)j(z) > 0
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with equality if and only if 0 € 92 and €)' is conical near 0. Thus, we obtain

d
— (r”*/ gdx) < (14 /1+7%)7%(2 +7*)Crg’l (7’”*/ gdm) :
dr anfy<r} anfu<r}

Multiplying exp ( 2 5/2) where C' = (1 4+ /T + 7.)"%(2 + 7.)C, we obtain

i (6_2567"6/27_'“/ gdx) <0
dr anfy<r}

So we can take 8 = 2(1 4 /T4 7,) 2(2 4+ 7.) where 7, as (@), to obtain the desired result. O

Remark 3.3. When Q,Q' are C? and strictly convex, g >0 on Q, and ¢ >0 on &, and (g,g') are
homogeneous of degree (L, k), the proof of Proposition yields the desired monotonicity formula,
but the equality case can never occur due to the strict convexity of the boundaries.

Remark 3.4. In the proof of Proposition , the C** boundary reqularity of u,v is only needed to
justify the integration by parts formula (B.3). In particular, we observe that C** boundary regularity
is only needed near points of O(QN{Y <r}).

Theorem 3.5. Let ((2, g(z)dx), (Y, ¢ (y)dy),u,v) be an optimal transport map with

(1) g € C"l(ﬁ_), Q C {g >0}, and g is homogeneous of degree .
(ii) g € C(Y), ' C {g > 0}, and ¢’ is homogeneous of degree k.
Assume 0 € QN and 0 = u(0) = |[Vu|(0). Then the quantity
. 2(n+l)

X(r) =1 55 u(D, (u,0))

is monotone non-increasing in v, where recall
uDuw o) = [ glayds
{(z)<r?}
for (z) =z - Vu(x). More precisely, for any ro < 11 we have

n+12/” UﬂHWMU/ n+l g(x) 1
_ < —9(1+ Itk dH™ ds
X(Tl) X(TQ) < ( oy kj) . S P ||( n+ k?) ||u|v¢| ( )

where |V |2 = VVIu;;. In particular, x(r) is constant on [0,70] if and only if Q and Q' are both
conical about the origin and u is homogeneous of degree 1 + = "+l in Dy, (u,0).

We remark for the particular case. x(r) is constant if and only if

l
||(Zj:k)vgu —zll, =0 in Q, (Vo,vs0)y =0 on 09.
Equivalently, 2 and €2’ are both conical about the origin and
[ [ [ l
xr; = (Zik)u Uy < Tiuy = (;l:k)u Uply = (Z——:—_k)UZ < (wug) —u = {(Zi—k)u}l,

Combing the fact that u(0) = 0, we have

x-Vu= {1—}—(21—2)] u,

which means u is homogeneous of degree 1 + ~ ””
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Proof. (Approximation argument) Suppose that (u,v) satisfy the assumptions of the theorem. We
may assume that (g(z),4'(y)) are globally defined, non-negative homogeneous functions, and by
assumption @ C {g > 0} and ' C {¢’ > 0}. We assume that g, ¢’ € Cj:.(R™). Choose a sequence of
positive, smooth functions (g.(z), g.(y)), homogeneous of degree (I, k) converging in C* on compact

sets to (g(x),¢'(y)). Define
Je(x) = ge(x) + €
9:(y) = gL(y) +¢
Fix R > 1 and suppose that u is defined on Q N Byg (if Q is compact, choose R > 1 so that

) C Bpys). For a set A, let Bs(A) denote the § neighborhood of A. Fix a 1> ¢ > 0 and define a
compact set K by

K = B35/2(VU(Q N BR/Q))
where ¢ is chosen small so that
K N Bs(Vu(Q2NdBg)) = 0.

If © is compact, then K = Bs() for 6 < 1 < R. We choose a sequence of sets T, Y. with the
following properties:

(i) Y., Y. are smoothly bounded domains, with 0 € T. N T./.

(7d) Y. is uniformly convex, and as ¢ — 0, T converges to 2 N Bg in the Hausdorff sense.
(13i) YL O Vu(Q2N Bg), and as € — 0, Y. converges to Vu({2 N Bg) in the Hausdorff sense.
(iv) For e sufficiently small, the portion of Y. intersecting K is uniformly convex.

(v) The mass balancing condition holds:

/ )= |

Such a sequence can be constructed as follows. If €, are compact, then we can take €. D Q
and €. D ' to be smooth, uniformly convex domains such that dg (2, Q.) = dy (Y, QL) < e. Take
T. = Q. and choose Y. to be a dilation of €2, such that the mass balancing condition (v) holds.
Since the mass balancing condition holds for ¢ = 0 it follows that the dilation factors converge to 1,
and hence the Y. converge to €’ in the Hausdorff sense, as desired.

Now suppose that 2, Q)" are non-compact convex sets. In this case the construction is complicated
slightly by the fact that Vu(2 N Bg) may not be convex. First, choose R > 1 so that Vu(0) €
1N Bg/e and take ). g to be a sequence of smoothly bounded, uniformly convex sets, with €2, r D
2N Bpr and such that dy (2. g, Q2N Bg) < ¢ in the Hausdorff sense. To construct Y. we define

A := ConvexHull(Vu(Q2 N Bg))

and let A, D A be a sequence of smoothly bounded, uniformly convex sets converging to A in the
Hausdorff sense. For &’ small, we choose Y., D Vu(£2 N Bg) to be a smoothly bounded domain
agreeing with A, in K, and converging to Vu(Q2 N Bgr) as ¢ — 0. The construction is depicted in
Figure E

Given ¢, choose €’(¢) small so that dy (YL, Vu(Q N Bg)) = du(Q: r, 2N Bg). Finally, take Y. to
be a small dilation of €2, r in order to enforce the mass balancing.
Given rg > 0 after, possibly increasing R we may assume that

{x - Vu(zr) < 2ro} € QN Bgys
Let v. be the convex function solving the optimal transport problem
9-(Vv.)det D*v. = g.(y), in Y.
V(1) = 1.
The regularity theory for optimal transport yields the following

(3.6)
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. Vu(QNOBg)

K

FIGURE 1. A diagrammatic representation of the construction of Y, denoted by the
gray region, in the case that 2, are not compact

e By [C1, C2, C3, JS], v. are uniformly bounded in C**(Y’). Furthermore, v. — v locally
uniformly in Vu(Q2 N Bg).

e By Caffarelli’s regularity theory [C2, C3], and _properties (1), (i7), (1v) of the approximation,
for every fixed ¢, v, are C%(Y.), and C2*(Y. N K). Furthermore, since g., and §. are
uniformly bounded below, and C'*, v. converge to v in C’fog(Q N Bry2)

e u. are C%(Y.). By (i), (#4), (iv) and by [C2, C3] , u. € C**(Vuv.(KNTYL)). Since v. converges
to v in CL(Y”), for ¢ sufficiently small we have

{y-Vou.(y) <ro} C Bs({y - Vu(y) < 2r9}) C KNTYL
and hence u. € C**({x - Vu.(x) < ro}).
e As e — 0, u. converges in C2>%(Q2N B@to u, and v, converges in Cp%(Vu(Q N Bgya)) to v.

We can now apply the result of Proposition with (C,d) = (0,1), keeping in mind Remark @
We conclude that, for any ro < 1 < 19

[ gadeen [ G
Ten{ype<r1} Ten{ye<r1}

< _(1+ /1+7*)2/ S—(n*-i-l)/ |( /1+")/*)VUE—QZ‘2 Mdsdr}_[n—l(x)
T2 T

M{ype=s} V|
where K., 7, are given by (@), and ¥, = x-Vu.(x). The result now follows from Fatou’s lemma. [

We can also prove an effective version of the monotonicity formula for Hélder continuous densities.
The key is the following lemma, which establishes the weak sub-homogeneity (0, €) of non-degenerate
Holder continuous densities at small (but fixed) scales.

Lemma 3.6. Given an optimal transport map ((2, g(z)dz), (S, ¢'(y)dy),u,v) where the densities
(9(x),d'(y)) are smooth and satisfy
C<ygla).gy<C
and
9o+ 19]ow <C

for some a € (0,1) and C > 1. Then there ezist o > 0, B > 0, and € > 0 depending only on n,a, C
such that we have

/T(x -Vg)dz < BTE/Tg(x)dx.
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for all r < ry.

Proof. We write the integral in radial coordinates

(3.7) / (x-Vg)dx :/ (x-Vg)d / / s(Vig)(st))s" tdsdo(t)
D, {z-Vu<r2} tesn—1

where ¢(t) is chosen so that (¢(t)t) - Vu(¢p(t)t) = r*. We can integrate by parts along radial rays to
get rid of the derivative on g

/0 d) g'(s)s"ds = g(¢)¢" —n /D d)g(s)s"_lds =n /0 d)(g(gzﬁ) — g(s))s" 'ds < C¢" /0 "as

Putting this into equation (@), we get

/ (x-Vg)dz < C’(diam(Dr>)a/ dx.

The constant_C' controls the doubling constant of (g, ¢’), hence by the uniform convexity estimate
(Proposition R.5), we have the fact:
For any x € Q, denote y = Du(z) = Du(Dv(y)). Proposition @ implies

2| = |Du(y)| < Cly|* = C|Du(x)|* = uloll |Du(z)| > Ctz|w = Ju(x)| > Clz|*s.

|z]
If
r? > u(r) > C’|x|1+é,
then
|I’ < C'T”l =:0€(0, 1)'
So we have

D, (u,0) C S,2(u,0) C Bgps(0)
for some 6 > 0.

This implies |g(z) — g(0)| < Cr®®, therefore for r < (202)7
5

—, we have g(z) > g(0) — &+ > &,

and diam(D,) < Cr?. Hence we have

/T(JC -Vg)dz < Br‘sa/rg(a:)dx.
[

Proposition 3.7. Given an optimal transport map ((2, g(x)dz), (', ¢'(y)dy), u,v) where the densi-

ties (9(x), g'(y)) satisfy
C™<gla),g'(y) <C

and

Glog T 9o <C
for some a € (0,1) and C > 1. Then there exist A > 1, g > 0, and ro > 0 depending only on n, «,
and C' such that for any xo € Q, the quantity

X(xo, 1) = e_Arsor_”/ g(x)dz
Dy (u,z0)

is monotone non-increasing in r for r € (0,ro].

Proof of Proposition . If (g,¢') are smooth and (€2, Q') have smooth boundaries, then this follows
from combining Lemma and Proposition B.2. For the general case, we can approximate (€2, Q')
by smooth domains, and (g,¢’) by smooth densities, and apply the same approximation argument
as in the proof of Theorem B.5. [l
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4. HOMOGENEITY OF BLOW-UPS

In this section, we use the monotonicity formula to show that the blow-ups of optimal trans-
port maps are always homogeneous. We will treat two cases, the first when the densities are non-
degenerate and Holder continuous, and the second case when the densities are homogeneous.

First let us define what a blow-up is.

Definition 4.1. (2, g(x)dx), (Y, ¢'(y)dy),u,v) be an optimal transport map with 0 € QN Q' such
that w(0) = |Vu|(0) = 0. We call an optimal transport map

(oo, goo(@)d), (g, 90 (1) dy), Uoo, Vo)
a blow-up of ((Q,g(z)dx), (Y, ¢ (y)dy),u,v) at 0 € Q along scales h; — 0, if there is R > 1 and a
sequence of positive symmetric matrices Ap, satisfying
B (0) © Ay, (S5, (1,0)) € Br(0)
and a sequence of positive constants c; > 0, such that the sequence of rescaled optimal transport maps
(2, gi(z)dz), (€%, gi(y)dy), wi, v;) given by
Q; = A (Q), Q= hi_lA;Lil(Q'),

gi(x) = cig(Ay)2),  gily) = e (det Ap,)*g (hidn.y),
u(Ay, ) v(hiAny)
T vi(y) == B
converges to ((Qoo, goo(x)dx), (2L, ' (Y)dY), oo, Vo) in the following sense
(1) (i, Q) = (Qoo, L) in the locally Hausdorff sense.
(2) (gi(x)dx, gi(y)dy) — (goo(x)dx, g. (y)dy) in the weak sense of measures.

(3) The minimal convex extensions (u;, v;) converges to the minimal convex extensions (lis, Uoo)
A
in C 8 (R™).

loc

ui(z) =

4.1. With Holder continuous density. In this section, we prove the existence and homogeneity
of blow-ups when (g(z), ¢'(y)) are non-degenerate and Holder continuous.

We first prove a uniform density estimate when (g(z), ¢'(y)) are non-degenerate and Holder contin-
uous on general convex domains. This estimate improves upon the previously known uniform density
estimates ([C3, Section 3|, [CLW, Section 2]), which required additional regularity assumptions on
the boundary of 0f2.

Lemma 4.2 (Uniform density). Given an optimal transport map ((£2,g(x)dx), (Y, ¢ (v)dy), u,v)
where the densities (g(x), g (y)) satisfy

C < g(x),d(y) <C
and
(9o + [0 ]aw <C
for some a € (0,1) and C > 1. Then for any xo € Q and 0 < h < 1, we have

IS 20)l 5 1, (4, 0)

2

for ¢ > 0 depending only on n,« and C.

Proof. By Proposition @, there exist A, hg and ¢y depending on C' such that for any 0 < h < hy,
we have

EO n
B2 (D, (4, 0)) = x(0,h2) = X (0, hy/*) = e hg * (D 4 (u,0)).
0

1
h2
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Hence

51,0 2 D, (w0} = € [ gla)ds = eu(D

D, /2

1 (,0))

9 n n n
> ce” " o P (D y (u,0)h? = ch¥|D y(u,0)
0 0
> ch?|Sp, (u,0)| > ch?|Si(u,0)].
U

Theorem 4.3 (Homogeneity of blow-ups). Let ((2, g(x)dz), (', ¢'(y)dy),u,v) be an optimal trans-
port map with 0 € QN Y, and suppose g(x), 4 (y) are positive and Hélder continuous on €,V
respectively. Then for any sequence of scales h; — 0, there is a subsequence along which a blow-up
exists and is of the form ((C,cdzx), (C',c'dy), U, Voo) for some constants ¢, > 0. Moreover, (C,C’)
are cones about the origin and (Us, Vo) are homogeneous of degree 2.

Proof. By Lemma @, we know that,
Sk (u,0)] > ch?, 1Sh(v,0)] > ch?.
Since the (g(z), ¢'(y)) are both doubling measures, Proposition (2)(3)(4) also implies
|Sn(u, 0)|[Sh (v, 0) < CR™,
and hence we have
|55 (1, 0)] ~ S5 (0,0)[ ~ [S(u, 0)| ~ |Sh(v,0)] ~ h%.

Hence without loss of generality, we can assume the normalizing matrices are given by A; = h~z M,
with det M, = 1. It follows that for any R > 1, the rescaled domains Q; N Br(0) = Ap,(2) N Br(0)

have a uniform lower bound (h, n/ ?||) on its volume, and therefore we can extract a subsequence
for which the convex domains (£2;,€2) converges to convex domains (C,C’) locally in the Hausdorff
sense, and moreover (C,C’) have non-empty interior. The rescaled potentials

1
u(h? M, 'x)

v hz%Mhzy)

vi(y) = 0 :
satisfy
1 1
(Vui)s(g(h? M, 'x)dx) = g'(hE My,y)dy.

Moreover by Proposition @, we have |[My]| + ||M; Y| < h=2* for some § > 0, and hence by the
continuity of g(x) and ¢'(y), we know that

() = g(h: My '2) > g(0)
and 1

9i(y) := g'(hi Mny) — ¢'(0)
as h; — 0. Therefore after passing to a subsequence, we set 0 < ¢ := g(0) and 0 < ¢ := ¢’(0), then
it follows by Proposition ﬁ that a subsequence of (u;,7;) converges in C’llo’f‘ to a limiting function

(s, Uso ), Which gives an optimal transport map ((C, cdz), (C', ddy), tso, Voo )-
Moreover, we have

_1 -n z= .71/23;
lim <hi 27“) / g(x)dx " lim r_”/ gi(z)dx = g(O)r_”/ dx
10 D 1 (u,0) 47700 D,(u;,0) Dy (to0,0)

h2r
i
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hence the volume ratio ¢oo () = 77" D, (teo, 0)] of this blow-up is constant, i.e.

_ 2(n+40)
x(0,7)=r 5t p(Dy (s, 0)) = 7‘"/ g(0)dx
D (uo,0)
= g(0)r "Dy (us, 0)| = ¢ since | D, (ta o) ~ 1"
(= lim g(0) e ™ r~"u(D,(u,0)) > 0.)

r—0

It follows from rigidity case of the monotonicity formula (Theorem @) that (C,C’) are cones and

(too; Voo) are homogeneous of degree 2 = 1 4 243 O

Remark 4.4. We note that if ((C,cdx), (C',ddy), uso, Vo) s a blow-up of the optimal transport map
(22, g(z)dx), (Y, ¢'(y)dy),u,v) at 0 € 0N, it is not necessarily the case that the cones C and C'
are affine equivalent to the tangent cones of Q and Q' at 0. This is because the sequence of affine
transformations Ay may degenerate and change the shape of the convex sets in the limit. However,
this is true if the sections of u are “round” (see Definition |4.]).

Definition 4.5. Let ((2, g(z)dz), (Y, ¢'(y)dy), u,v) be an optimal transport map with homogeneous
densities (g(x),g'(y)) of degree (I, k). Suppose 0 € 02N and 0 = u(0) = |Vu|(0). We say that the
sections of (u,v) at 0 are round if there is a constant C' > 1 and hg > 0 such that for all 0 < h < hy,
we have

B (0) € S;(u,0) C B 1 l(O)
c- h”ﬁk Ch TRt
and
B C Si(v,0) C B 1 (0).
aOCsboCE 0

4.2. With homogeneous density. In this section, we consider the case where g(z) and ¢'(y) are
homogeneous of degree [ and k respectively.

Theorem 4.6 (Homogeneity of blow-ups). Let ((2, g(z)dz), (', ¢'(y)dy),u,v) be an optimal trans-
port map with C* densities (g(x), g'(y)) which are homogeneous of degree (1, k) for k,l > 0. Suppose
that the sections Sf(u,0) satisfy
B 1 (0) C S,Cl(u, 0) CB 1 (0)
o-1p ' ik on' TR
Then for any sequence of scales h; — 0, there exists a subsequence along which a blow-up exists, and
is of the form ((C,g(x)dx), (C', ¢ (y)dy), tso, Vo). Moreover (C,C’) are the tangent cones of (2,€Y) at

0, and (Uso, Vo) are homogeneous of degree 1 + - ”*l and 1 + ”+k respectively.

Proof. By the assumption on the roundeness of the section we can take A, = h "tk Id when
normalizing Sf(u, 0). The rescaled functions are given by

uh ol
ui(w) = ZT7 vily) = ZT7

1

T nik
and it follows that ((h, Y] g(z)dz), (h- Ty ’( )dy) u;, v;) are a sequence of optimal trans-

port maps. By our rescaling, we have_(h; i Q, h o V) — (C,C") where (C,C’) is the tangent
cone of (Q,Q) at 0. By Proposition g, after takmg a subsequence, (u;, ;) will converge to some
limiting optimal tranpsort map (e, Uao) in Cp2.

Moreover, the equality in the monotonicity formula is achieved for the limit, which implies that
(oo, Vo) are homogeneous of degree 1 + = "H and 1 + ”*k respectively. O
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Remark 4.7. Notice that the existence of a homogeneous density breaks the affine invariance of the
problem, which is why we need the additional assumption on the shape of the sections to extract a
homogeneous blow-up.

5. GLOBAL REGULARITY FOR HOLDER CONTINUOUS DENSITIES

5.1. CH1=¢ and W?2P regularity. In this section, we prove that an optimal transport map between
convex domains equipped with non-degenerate Holder continuous densities is globally C1'=¢ for any
e > 0 and W?2P? for any p > 1. This result is optimal, as C*!-regularity does not always hold without
any additional regularity assumption on the boundary. The case when n = 2 and g = ¢’ = 1 was
previously proved by Savin-Yu [SaYu].

Proposition 5.1. Suppose ((€2, g(x)dx), (Y, ¢ (y)dy),u, v) is an optimal transport map with 0 € Q,
and assume g(x), g'(y) are positive and Holder continuous in ), €Y respectively. Then for any e > 0,
there exist hg > 0 such that for all 0 < h < hg, we have

(1-¢) (%) : Si(u.0) € §5(u,0) € (1+¢) (%) : S¢ (u, 0).

Proof. Since the two inclusion follows from exactly the same argument, we will only prove the second
inclusion. Suppose it is not true, then there exist sequence h; — 0 such that

S5, (,0) € (1+ ) ()17, (u,0)

It follows that ]
Ay (5, (1,0)) € (1+2)(5) 2 An, (55, (1. 0)).

But by Theorem @, we know that after taking a subsequence we can extract a homogeneous blow-up
limit ((C, cdx), (C', ¢'dy), oo, Vo), hence we have the convergence of centered sections

hi
Ap, (S5, (1,0)) = {Ap,z € Q:u(z) <u(0)+p-z+ 5}
hi
={y e Q:u(Aly) <u0) +p- Aty + T}

1
={yeQ:u(y) <u(0)+p-y+ 5} = 51 (oo, 0).

and Ap, (Sf (1, 0)) — Sf(tso, 0) similarly, which implies
c e, 1 1 e

But this is a contradiction because u, is homogeneous of degree 2 and hence
1
ST (Uso, 0) = {x €0 Uo() < ux(0)+p-z+ 5}
2
={x € Q: 2u(r) < 2ux(0) +2p-x + 1}

= {x eN: uoo(\/ﬁx) < Us(0) + P Vor + 1} = %Sf{uo@,O).

O

Corollary 5.2. Given any optimal transport map ((§2, g(z)dz), (', ¢'(y)dy), u,v) with 0 € Q and
9(x),d'(y) are positive and Hélder continuous in €2, €). Then for any € > 0, there exist hg > 0
depending on n, e, and ((2, g(x)dx), (¥, ¢'(y)dy), u,v) such that for all 0 < h < hg, we have

h2 eS¢ (u,0) C SS(u,0) C h25%(u,0).
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Proof. This follows by iteratively applying Proposition EI to u for € small enough. We outline the
proof here.

For convenience, we denote Sy, := S5 (u,0). We only consider h = 27™. By Proposition @, we
have

1 1+
Shc te C( <

S—Tn C
1—¢ 1—c¢

V2 V2

) Sl = (1 + 8>mh1/251,

Sy D

ngerl DR ( ) Sl = (1 — €)mh1/251.

Now we take
§=min{2°—1,1 -2},
and repalce € by  to obtain
h1/2+€Sl C 2—msh1/251 C (1 . 5)mh1/251 C Sh C (1 +€)mh1/231 C 2m5h1/251 — h1/2_651.

Now we make this bound effective.

Proposition 5.3. Let ((£2, g(z)dz), (S, ¢'(y)dy), u, v) be an optimal transport map where the densities

(9(x),9'(y)) satisfy
C™ < gla),g'(y) <C

and
[glag + 9 ]law < C

for some a € (0,1) and C > 1. Suppose 0 € QN Y, and 0 = u(0) = |Vu|(0), and there exist R > 1
such that

(5.1) Br-1(0) C S{(u,0) C Bg(0).

Then for any € > 0, there exist 0 < hy < % depending only on n,a, C, €, and R such that we have
h2teS¢(u, 0) C S¢(u,0) C hz°S%(u, 0)

for some h € [hg, 3].

Proof. Suppose it is not true, then there exists a sequence ((€;, g;(x)dz), (%, gi(y)dy), u;, v;) satisfying
the stated bounds such that given any h € (0, %], for 7 sufficiently large, we have either

B85 (i, 0) € S5 (i, 0) or S (us, 0) & h3 =S5 (us, 0).

However, this sequence of optimal transport maps is compact. Indeed by Lemma @, (€4, €2) con-
verges up to a subsequence in the locally Hausdorff sense to some (€, 2. ). By the Holder bounds,
the densities (g;(2), g,(y)) converges in C* for any 0 < o/ < a to (guo(2), g’ (y)), Which is positive
and Holder continuous.

Moreover, by Proposition @ the potentials (u;, 7;) converge in C’llo’z to a limiting potential (Uso, Uno ),
which gives an optimal transport map ((Qeo, goo (2)dx), (2L, 95 (¥)dY), Uso, Voo ). 1t follows from Corol-
lary @ that for some 0 < &’ < ¢, there exist some 0 < h < 3 for which

2t S5 (tno, 0) C S (tioo, 0) C h2 ™ S5(ttn, 0).
But this contradicts our assumption since we have

Si(u;, 0) = Sf(Ueo, 0) ST(u;, 0) = S{(ueo, 0).
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Proposition 5.4. Let ((£2, g(z)dz), (S, ¢'(y)dy), u,v) be an optimal transport map where the densities

(9(x),9'(y)) satisfy
C™ <g(x),d(y) <C

and
[lag + 9 ]laaw < C

for some a € (0,1) and C > 1. Suppose 0 € QN Y, and 0 = u(0) = |Vu|(0), and there exist R > 1
such that

(5.2) Br-1(0) C S{(u,0) C Bgr(0).

Then for any € > 0, there exist M > 1 depending only on n,«a,C, and R such that
M 'hateS¢(u, 0) C S¢(u,0) C Mh2<S¢(u,0)

forall h <1.

Proof. By the uniform density estimate (Lemma @), for any sequence h; — 0 and a sequence
1
of normalization matrix A,, = h;M;,, with det Mj;, = 1, the rescaled optimal transport maps

1 1

(94, gi(x)dx), (U, ¢i(y)dy). u;,v;) with g;(z) = g(thh_ilx), gi(y) = ¢'(h} Mp,y) satisfy the hy-
pothesis of Proposition uniformly for some new constants «, C, R. Therefore, we can iterate
Proposition to get the result. U

From this, we immediately obtain the global C*'~¢ regularity of optimal transport maps.

Theorem 5.5 (Global C1'7¢ regularity). Let ((2, g(x)dx), (Y, ¢'(y)dy),u,v) be an optimal transport
map where the densities (g(x), ¢'(y)) satisfy

C7 < g(x),d'(y) <C

and
9o+ 9] <C
for some a € (0,1) and C > 1. Then for any € > 0, we have u € C*5(Q) and v € CH=(Y) and
moreover, we have the estimate
[Vullgr-c@ + VUl gr-e@) < M

where M depends only on n,a, C, e, and the inner and outer radius of 0 and €Y.
Proof. Since the inner and outer radius is controlled, let us denote them by r and R, so we have
0, C Br(0) and B,(x¢) C 2. Then from the outer radius bound for €', we know that |Vu| < R.
Moreover, the inner radius bound implies that for some hy > R? > oscgu, we have Sy, (u, ) D B,(x0)
for all z € Q, which implies

|She (u, )| > er™ > 0.
Therefore by Proposition @, we have ||[Vu| o @ < C. The same argument applies to v. 0

The argument of [CLW, Theorem 1.2], [SaYu, Theorem 1.1] can be applied to also give W?P-
estimates.

Theorem 5.6 (Global W?%? regularity). Let ((Q, g(z)dz), (Y, ¢'(y)dy),u,v) be an optimal transport
map where the densities (g(x), ¢'(y)) satisfy

C'<ygx).d(y) <C

and
[glag + 9 ]law < C
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for some o € (0,1) and C > 1. Then for any p > 1, u € WP(Q) and v € W*P(QY'), and moreover,
we have the estimate

IVullwro@) + 1VOllwin@y < M

where M depends only on n,a, C, p, and the inner and outer radius of Q and €Y.
Proof. This follows from the argument of [SaYu, Theorem 1.1] using Proposition @ U

5.2. C*%-regularity for domains with C'“-boundary. In this section, we show that if €,
have C'#-boundary, and g(x), ¢’(y) are C®, then in fact the solution to optimal transport problem is
C?min(@8)  This is sharp, and improves previous results of Caffarelli [C3] and Chen-Liu-Wang [CLW],
which required the domains to have C'*-boundary.

First, we prove a lemma which says that if the boundary is C*®, then any blow-up has to live on
a half-space.

Lemma 5.7. Let ((€2, g(z)dx), (', ¢ (y)dy),u,v) be an optimal transport map where the densities

g(x),d' (y) are positive and Hélder continuous in Q,$Y respectively. Suppose 0 € 92 N O with
u(0) = |Vul(0) =0, Q C {z, > 0} and locally near 0,

QN B, ={(,7,) ER" ' xR:m, > (')} N By
where ¢ : BY™' — R is convex and for all z' € BT, we have
0 < ¢(z') < Cla’ '

Given h; — 0, let Ap, be the sequence of normalizing matrices for Sj, (u,0), then for any R > 1, one

has

. |ARQN Bl 1
lim ——— —.
h;—0 |Z3R| 2

In particular, the domains Ap, Q2 and Ap,{x, > 0} both converge to some half-space H.

Proof. Without loss of generality, we can assume A, = h_%Mh with det M), = 1 and from Proposi-
tion p.4 we also have || M, || < h~¢ for any € > 0. Therefore, we have

AQ = My{z, > h 2¢(h2a))}
and we have
1A N Byl = [{z, > h™2¢(h22/)} N M; ' Bg| > |{z, > Ch%|2'|'"**} N M; ' Bpg|.
We can bound |A,Q N Bg| as follows
1
5|BRy > |A,Q N By
> |{z, > C’h%|$/\1+o‘} N Mh_lBR|
= [{z, >0} N M, 'Bg| — |{0 <z, < Ch2|2'|"**} N M, ' Bpg|
1 .
> 21Brl = {0 < @ < Ch3[a/[""*} O By-exl
1 .
> 5 1Bal = cht [ e
2 anl
h—€R
1 .
> §|BR| — C(n,a, R)h2 =0t

where from third line to fourth line, we used ||| < h™°. It follows that if ¢ is sufficiently small,
then as h — 0, we have

1
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It’s clear the A, {z, > 0} must converge to some half-space H, and by the volume bound, the A,
is then a subset of H, but has the same volume, therefore it must also be all of H as well. O

Lemma 5.8 (Obliqueness). Let ((Q, g(z)dx), (', ¢'(y)dy),u,v) be an optimal transport map where
the densities g(x),d' (y) are positive and Hélder continuous in Q, Y respectively. Suppose u(0) =
|Vu|(0) = 0, and the domains Q and ' are CY* at 0 for some a > 0. If lg,loy are the defining
functions for the supporting hyperplane of Q and ' at 0, then we have

lQ 'lQ/ > 0.

Proof. Suppose this is not true, then lg - lor = 0. Then we consider a blow up of
(22, g(z)dx), (Y, ¢ (y)dy),u,v) at 0 along some subsequence h; — 0. From Lemma @, we know
that

AhiQ — H
hiA}:ilQ/ — H
where H, H' are half-spaces defined by defining functions Iy and Iy so that H = {x € R" : Iy (x) > 0}
and H' = {y € R" : [yr(y) > 0}, and

o lgo At Ly
lim = =
hi=0 [lg o Ay |la]
and
lQ’ (@] Ahi . lH/

lim = .
h;—0 ‘ZQ/ (e} Ahi |lH/‘
Moreover, since the blow-up is a homogeneous optimal transport map from (H,cdx) to (H',ddy),

we know that

lg -l > 0.
However, we also have
lg - lgr ZQOA,;1~ZQ,oAhi B
el w0 Jlg o A ller © An]
which is a contradiction. O

Once the obliqueness is established, the arguments of Chen-Liu-Wang [CLW|, Section 6] can be
applied to give C*®-estimates.

Theorem 5.9. Suppose ((12, g(z)dz), (Y, ¢'(y)dy),u,v) is an optimal transport map where the den-

sities (g(x), g'(y)) satisfy
C™ <g(x),d(y) <C

and
9o+ [9]ew <C
for some o € (9 1) and C > 1. Suppose in addition §,SY have CYP-boundary for some B € (0,1).
Then u € C?7(Q) and v € C*?(QY) for v = min(a, ) and
IVullery@ + [[Vllorn@y < M
for M that depends only on n,«, 3,C, and the domains €, €Y.
Proof. Once we have Lemma @, we can follow the proof from [CLW, Section 6] with minor modifi-

cations. We'll explain the main modification: since 99, 9’ are only O, Lemma 6.2 of [CLW] only
holds under the additional assumption § < g Looking through the proof of [CLW, Lemma 6.2], we

see that if we only have C''#-boundary, then we only have a; < i (instead of a;, < h'~¢) and

0< D,u<Ch s e
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Therefore, for the lower barrier, we must use

W= (145w — (1+h)5h+ h+ Cy(zn — ChE )R 2,
and the rest of the proof of [CLW, Lemma 6.2] holds assuming § < g The rest of the arguments
follow exactly as in [CLW, Section 6]. O

6. ROUNDNESS OF SECTIONS

In this section we are interested in the studying the shapes of sections, which can be regarded as
a weak form of C'1! regularity. We make the following definition.

Definition 6.1. Let (2, g(z)dz), (Y, ¢'(y)dy), u,v) be an optimal transport map with homogeneous
densities (g(x), g'(y)) of degree (I, k). Suppose 0 € 02N and 0 = u(0) = |Vu|(0). We say that the
sections of (u,v) at 0 are round if there is a constant C' > 1 and hg > 0 such that for all 0 < h < hy,
we have

B 1 (0) C Sg(u, 0) CcB 1 (O)

1+L‘H
C*lh n+k Ch n+k

and

B 1 - B 1 )
O CSECB O
If the sections of u at 0 are round, and ((C, du), (C', dv), too, Voo ) is & blow-up of u about 0, then it
is clear that (C,C’) is affine equivalent to the tangent cone of (€2, ") about 0. Thus, the roundness
of sections is related to the existence of homogeneous optimal transport maps between the tangent
cones of (€2,€). Using this idea, we first prove a negative result saying that roundness does not hold
if homogeneous optimal transport maps between tangent cones do not exist.

Theorem 6.2. Let ((2, g(x)dx), (2, ¢ (y)dy),u,v) be an optimal tranport map with homogeneous
densities (g(z), g'(y)) of degree (I, k), such that 0 € 9Q NI and u(0) = |Vu|(0) = 0. Let (C,C’) be
the tangent cones of (2,Q') at 0. If there is no homogenous optimal transport map from (C, g(z)dx)
o (C',¢'(y)dy), then the centered sections of (u,v) are not round at 0.

1
Proof. Suppose that the centered sections are_round, then A, = h itk Id s a family of normal-
ization matrices for Sf(u,0), and by Theorem the blow-up at 0 exists and must be homogeneous
optimal transport map from (C, g(x)dx) to (C', ¢'(y)dy). But this contradicts our hypothesis that no

such homogeneous map exist. 0
A very natural question is then the following.

Question 6.3. Suppose there exists a homogenous optimal transport map between C and C'. Are the
sections of u necessarily round at 07

We will address this question in subsequent sections.

6.1. Strongly oblique case. Let (C,C’) be the tangent cone of (£2,Q') at 0 respectively, in this
section, we prove a theorem that guarantees the roundness of sections under a strong obliqueness
condition on the geometry of (C,C’).

Theorem 6.4. Let ((2, g(x)dx), (2, ¢'(v)dy),u,v) be an optimal tranport map with homogeneous
densities (g(x),q'(y)) of degree (I,k), such that 0 € 02N I and u(0) = |Vu|(0) = 0. Let (C,C)
be the tangent cones of (Q,Q) at 0. If C'\ {0} C int(C°), then the centered sections of (u,v) are
round at 0. In particular, all blow-ups are affine equivalent to a homogenous optimal transport map
between C and C'.
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Proof. First we show the (non-centered) sections Sp(u,0) and Sp(v,0) are round. More precisely,
we claim there exist C' > 1 depending on the cones (C,C’) such that for all A < 1, there exist
r(h),r'(h) > 0 such that
Be-1,my N Q C Sp(u,0) C Bermny N Q
and
Bcflrl(h) N C Sh(v, 0) C BCr’(h) N,

To see this, we first use the geometric condition €'\ {0} C int(C°), i.e. forany 0 £y €C, x-y >0
for any x € C, then the map
yr— inf z-y
z€C,|z|=1

is continuous and positive. Since C’ is compact, there exists § > 0 such that

inf ( inf x-y)zd,
yeC Jy|=1 \z€C,|z|=1

which implies there exist 0 > 0 such that for all z € 2 and y € ¢,
z -y = 0lzllyl.
Now fix xy so that u(xg) = h, then by the convexity of u, we have
u(z) > u(zo) + Vu(xg) - (x — z9) > h+ 6|Vu(xo)||z] — |Vu(xo)||zo|
which implies that
Sh(u,0) C {0|Vu(zo)||z| = [Vu(xo)||zo] <0} NQ = Bs1)5(0) N2

From this we see that if zg,z; are two points in 9Sy(u,0) N Q, then |z1] < §~!xg|, and the claim
follows.

Next we show that the centered sections S (u,0) and S§(v,0) are round as well. We note that
Be-1,) N Q C Sp(u,0) C Bergy N implies that [Sy(w,0)| ~ r(h)" and |Sy(v,0)| ~ 7'(h)", and
hence for all h sufficiently small, Proposition R.3 gives

r(h)"r (R)" ~ |Sn(u, 0)][Sh(v, 0)] < |S¢y (u, 0)[[Vu(Ses(u, 0))] ~ A"

which implies

Moreover, we also have

s [

vt [

B

s@idr< [ glade< [ gla)de S oy
Sp(u,0) Ber(n)

Cc—1r(n)
and

9'(y)dy < /

Sh(v,(])

g'(y)dy < / g'(y)dy < r'(h)"F,
c=1v/ (h) Bevny

hence by the monotonicity formula (Theorem @), we have

n+l

r(h)H ~ / g(e)dr > / g(z)da > hAE
Sh (u,0) D 1 (u,0)

1
h2

and
n+k
n+k

r!(h)" T ~ / J'(y)dy > / g (y)dy 2 h' it
Sh(v,0) D 1 (v,0)

which implies
RN N
n+l n+k

r(h)(h) 2 R R =,
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1 1
Hence we have r(h) ~ h'*#¢ and /(h) ~ h'* %% . This implies |S)(u,0)|[Sk(v,0)| ~ A", which

implies by Proposition that there is a uniform density bound
Si(u,0) N Q| S5 (v,0) N Y
55(.0) 0] [SE@0) 021 o
|55 (u, 0)] |55 (v, 0)]

If we let [y (h), ..., l,(h) denote the lengths of the principle axis of the John ellipsoid of S§(u,0), then
since Bepny(2') C Se-14(u,0) C Sf(u,0), we have that

li(h) Z r(h) foralli =1,2,... n.

Moreover the uniform density bound implies that
[T 4R ~ [S5(u, 0)] ~ |Sh(u,0)] ~ r(h)".
i=1
Altogether, we see that [;(h) ~ r(h) for all i = 1,...,n, which implies that the centered sections of

u are round. The same argument applied to v implies that the centered sections of v are round as
well. O

6.2. 2D domains with Lebesgue measure. In this section, we focus on the case when n = 2.
For simplicity, we also focus on the situation g = ¢’ = 1. In particular, we’ll give a complete answer
to Question when (€, Q) are planar polytopes.

In this case, we have the following observation.

Proposition 6.5. The only quadratic solutions to det D?>u = 1 on any cone C C R? are given by
restrictions of a positive definite quadratic polynomial.

Proof. Suppose that u : C — R, (z,y) — wu(z,y) is such a solution, then without loss of generality,
we can assume that the cone C lies in the upper half space {y > 0}. If we set f(t) := /u(t, 1), then

2
U(l‘,y)ZU<y'§,y'1) =y’u <£71> =y’f <£) :
y y y

We write t = 5, we have

1 = det D*u
o (0 L i 200 g areaory
2f()f'(t) = 20f'(6)* = 2 f () f"(2)  2f(6)* — ALf () f'(t) + 262 f'(1)* + 202 f (1) f" (1)
=4f (1" (t).
So f(t) must satisfy the ODE
f”(t) — W’

which can be integrated. First multiply both side by f’(¢), which gives
((f')*) +e(f()7%) = 0.

Integrating this, we have
PP +elf0) 2 =a = 1) = va— ey = VL=
for some constant ¢ and a. One has
fdf

af?—c

=dt
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Denote v = af? — ¢, one has 23\% = dt, then \/Ta =t+ K, ie.

ft) = VAt —t)?+C

for some constants A, ty, C', which means

x x
u(z,y) = yzf(g)Q = ?JQ[A(Z —10)* + C] = A(z — toy)* + Cy?,
which is a positive definite quadratic polynomial. U

A corollary of this is that we can classify precisely the cones (C,C’) C (R? R?) for which a homoge-
nous optimal transport map of the form ((C, dz), (C', dy), u,v) exist.

Corollary 6.6. Let (C,C") C (]RZ,RZ) be two convexr cones, then a homogenous optimal transport
map of the form ((C,dz), (C',dy),u,v) exists iff we are in one of the following four cases:

(1) (Half-space case) Both C and C' are half-spaces and 1 -1' > 0, where | and l' are the linear
functions defining the half-space C and C' respectively. In this case, there is a one-parameter
family of optimal maps between C and C'.

(2) (Acute/strongly oblique case) Both C and C' are strict cones and C'\ {0} C int(C°). In this
case, there is a unique homogeneous optimal transport map that maps C to C'.

(3) (Right angle case) Both C and C' are strict cones and C' = C°, in which case there is a
one-parameter family of homogeneous optimal transport maps from C to C'.

(4) (Obtuse case) Both C and C' are strict cones and C°\ {0} C int(C"). In this case, there is a
unique homogeneous optimal transport map that maps C to C'.

Proof of Corollary._Assume such a homogeneous optimal transport map ((C, dx), (C',dy), u,v) exist,
then Propositionl@ implies u and v are positive quadratic polynomials which are Legendre dual.
Hence there exists an affine transformation A with det A = 1 that puts v and v into its standard
form, which means

: I S L s
A-((C,dx), (C,dy),u,v) = ((C,dz), (C", dy), R 7)
In this new form, the optimal transport map is just given by the identity map, hence we have ¢ = ¢,
and the four cases correspond to different types of cones C.
If C is a half-space (which, after a rotation can be assumed to be the upper half-space), that puts
us into case 1. In this case, there is a 1-parameter family of optimal transport maps given by

2 2
_ AL T

+ —.
2 2\

If C is an acute cone (i.e. cone angle f < %), then we are in case 2, and in this case the optimal
transport map is unique.

If C has cone angle § = 7, then we are in case 3. In this case after rotation it can be assumed that
C = {x; > 0,75 > 0}) and again there is a 1-parameter family of optimal transport maps given by

uy(x)

2 2

un(@) = 3 + 3%
Finally if C is an obtuse cone, (i.e. cone angle § > 7) then we are in case 4, and in this case, the
homogeneous optimal transport map is unique as well. U

The next theorem says that if we are in case 4, the sections are always round.

Theorem 6.7. Let ((2,dx), (2, dy),u,v) be an optimal transport map between convexr domains in
R? satisfying 0 € QN OQ and 0 = u(0) = |Vu|(0). Let (C,C') be the tangent cones of (2, at 0.
If (C,C") are both strict cones and C°\ {0} C int(C'"), then the sections of (u,v) are round at 0.
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Proof. First we normalize (C,C’). By applying an affine transformation A with det A = 1, we can
arrange that
C={zr>0,y>0}
and
C'={y > —az,x > —ay}
for some 0 < a < 1. Moreover since (£2,€)') is asymptotic to (C,C’) near zero, that means we can
write
Q= {(I,y) ‘Y Z f+<I>,$ Z f—(y>}
and
V={(z,y) 1y = —ar+g:(v),2 > —ay + g-(y)}
where fi, g+ > 0 are convex functions with lim;_, ! i(t = lim;_,g gi( =0.

From here, the basic idea is to show that if the sectlons are not round, then the direction of the
long axis must align with the boundary of the cone C. By symmetry, this must be true for both
and v, but that is inconsistent with the condition C°\ {0} C int(C’).

Let Ej, be the John Ellipsoid of Sy (u,0), which by uniform density (Lemma @ is comparable
to S5 (u,0). Suppose for contradiction that Ej, is highly eccentric for h < 1. If we let vy(h),va(h)
denote unit vectors in the directions of the long and short axis of Ej, respectively, and {4 (h), lo(h) be
the lengths of the long and short axis, then this means we have v; L vy, and [y >[5 for h < 1.

Now we claim that for any ¢ > 0, there exists hy > 0 such that for all 0 < h < hg, the axis
vectors must lie 6 close to the two coordinate axis, that is vq(h),ve(h) € Bg(er) U By(eq) for h
sufficiently small. To see this we first note that since l;(h) > lo(h) for h sufficiently small, therefore
S (u,0) N ON is two points, which we call (x4, y+) satisfying fi(zy) = yy and f_(y_) = z_. We
denote

Ty, := Convex Hull({(0,0), (z+,y4), (z—,y-)})

and
Ry:={x>0,y>0y>a 'z —ay)z>a(y—y-)},
then we have
T, C Sh(u, 0) C Ry,

Moreover without loss of generality, we can assume z, > y_ (otherwise we flip the two coordinate
axis), then there exist ¢ > 0, and 2’ € T}, such that B, |(z') C T}, and there exist C' > 1 such that
Rp, C Beye,|(0). Without lost of generality, we can assume that x; > y_ (if not, then we can flip the
two axis), then for any C' > 0, there is sufficiently small & for which xzy > Cy_. If not, then z, ~ y_
and

Bc|m+|(x’) cT, C Sh(U,O) C R, C Bc‘“‘(O),
which would imply that Sp(u,0) are round.

Sh(b\'v)
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Next we claim for any § > 0, there exist sufficiently small h for which Sy (u,0) C Py, |, where
Psjz) = Rn N {y < 0lay |}
If not, then there exist (xo, |z, |) € S, with 2o < 2|x|, which means
ConvexHull{(0,0), (x4, y4), (zo,0|z4])} C Sh(u,0),
and if = is sufficiently small, we have y, < g:v+, therefore
Besjz,(2") € ConvexHull{(0,0), (x4, y4), (zo, 0]z4|)} C Sp(u,0)

which would mean that the sections S, (u,0) are round.
Thus for h sufficiently small

T, C Sp(1,0) C Py, C E(Clay], 8lz4]).

If we pick 0 sufficiently small, then it follows from this that the long axis of the John ellipsoid of
Sh(u, 0) must point #-close to the ej-direction, which means v; € By(eq).

Now we show this is a contradiction. The same argument applied to both v and v shows that we
can find sequence h; — 0 for which Sy, (u,0) and Sy, (v,0) are becoming more and more eccentric,
and the long axis of Sy, (u,0) point towards on the coordinate axis, while the long axis of Sy, (v, 0)
point towards an axis of C’, moreover since we know by Lemma {.2 that |Sy(u,0)| ~ |Sk(v,0)| ~ h,
this implies there exist x5 € Sy(u,0) pointing in the direction of the long axis (i.e. 72 € By(e;))

with |z,| > h2, and there exist 3, € Sy(v,0) pointing in the direction of the long axis (i.e. €

Bg((ﬁ, —ﬁ))) such that |y,| > hz. Since the axis of C and C’ are not perpendicular, it follows
that for h sufficiently small

| - yn| = Olznllyn| > b,
but this contradicts Proposition P.3. O

As a consequence of this, we can give a complete answer to Question @ for polygonal domains in
the plane.

Theorem 6.8. Let ((2,dz), (2, dy),u,v) be an optimal transport map between two polygonal domains
in R?. Suppose 0 € 90 N QY with 0 = u(0) = |[Vu|(0) and let (C,C') be the tangent cones of (Q, )
at 0. Then the sections at 0 are round iff there is a homogeneous optimal transport map between
(C,C"). (i.e. iff we are in one of the situations of Corollary )

Proof. If there is no homogeneous optimal transport map between the tangent cones, by Theorem @,
the sections cannot be round at 0. On the other hand, if there is a homogeneous optimal transport
map between the tangent cones (C,C’), then we are in one of the four situations of Corollary (.6, so
we consider the 4 cases separately.

In the first case, we can reflect the optimal transport map across the boundary of the half-space,
which turns the origin into an interior point, which means the sections are round.

In the second case, Theorem tells us that the sections are always round.

In the third case, we can reflect the optimal transport map across one of the boundary sides to
return to case 1.

In the fourth case, Theorem @ tells us that the sections are always round. O

Remark 6.9. In the case when the domains (.€') are not polygonal, if we are in case 2 and 4 of
Corollary , then Theorem @ and Theorem still applies. The only cases where roundness is
not known is cases 1 and 3. In those cases, any blow-up must live on the tangent cone, but there is
a one-parameter family of homogeneous optimal transport maps between the tangent cones, and it is
conceivable that there could be a solution that interpolates between different members of this family
at different scales.
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6.3. Homogeneous densities. In this section, we focus on the situation when the domain €2 C
{z, > 0} is locally a strict cone, and the target is locally equal to the half-space {y,, > 0} equipped
with a homogenous density ¢’(y) = y*. This situation arises in_the study of complete Calabi-Yau
metrics of Tian-Yau type in our previous work with S.-T. Yau [CTY], and as a limiting description
of intermediate complex structure degeneration of Calabi-Yau manifolds, as shown in the work of
Li [?]. In fact, together with S.-T. Yau, we have constructed homogeneous optimal transport maps
between the cones of this type [CTY], Corollary 1.1]. In this situation, we show that the roundness
of sections always hold.

Theorem 6.10. Suppose that near the origin, Q is equal to a strict cone C = {x,, > ¢¢(z’)}, so
QN B,, =CN B, and ' is locally a halfspace ' N B,, = {y, > 0} N B,,, and moreover assume the
density g(z) which is homogeneous of degree | and ¢'(y) = y*. If in addition k > 1 > 0, then the
sections of u are round. In particular, there exist C' > 1, and hg > 0 such that for all 0 < h < hy,
we have

B, i C Sp(u,0) C B,
and

B L CSE(U,O)CB 1,

C-lh'tta Ch'ta

where o = 25 € (0, 1].

Proof. Let us Ej, be the John ellipsoid of the section Sf(v,0), then E; N {y, = 0} is also an ellipsoid
centered at 0 in R"!, let [;(h) < -+ <, 1(h) be the lengths of the principle axis of this ellipsoid,
which after a rotation by A € SO(n — 1), we can assume is in the direction of the coordinate axis.
We also denote d(h) := sup{z, : © € S;(v,0)} to be the height of E}, then by John’s lemma there
exist C' > 1 such that

CrE(i(h), ... ln_1(h),d(h)) C Si(v,0) C CE(Iy(h),... l,_1(h),d(h)).
By Proposition @(2)(4}, we also have
h h h h h h
ClE(—,...,—,—)CSCu,O CCE( e : )
L Ty amy) <0 CE G ) aw)
for C' > 1 depending additionally on the doubling constant of g.

Since ) is locally a half-space, it follows that the centered sections of v has a uniform lower density
bound

|55 (v,0) N &Y
1Sp(v,0)]
and by Proposition @, the centered sections of u also has a similar density bound
1S5 (v,0) N Q|
|55 (v, 0)]

Moreover, since C is a strict cone, we have

c>0
>c> 0.

C C C(Bp(0) = {(2/, ) ER" : 2, > }%]x']}
for some R > 1. This implies the supporting hyperplanes of the sections Sj(v,0) at points y €
Sp(v,0) N {y, = 0} have slope at most R, which implies
d(h) < CRI;(h) fori=1,...,n—1.
Moreover, by Proposition @,

W&wﬂ»~/ yhdy ~ L (R) - Ly (R)d(R)F
E(ll (h)v"' 7ln71(h)7d(h))m{yn20}
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and

h h h
(s w.0) ~ gl ~
Bty v vy iy )G li(h)  Lea(h) d(h)
Therefore, the equation tells us that
h h h

nw o amw)

Li(h) Doy (R)d(R)ETE ~ P— (Iy(R) - - Ly 1 (R))2d(R)FTH2 ~ gt

This implies that
AR < B —s d(h) < B
But the monotonicity formula tell us that

il (n+0) (k1)

S (0,0)) ~ () -y ()R 2 R = d(n)'F 2 B

since k > [ > 0, this implies
d(h) > hzweir,
Therefore we have d(h) ~ [;(h) ~ h?nﬁlﬂ, and the proposition is proved. O

Corollary 6.11. Under the assumptions of Theorem , blow-ups exists and are homogeneous
optimal transport maps between the corresponding tangent cones.

Proof. This follows immediately from Theorem @ 0

Remark 6.12. A consequence of this is that homogeneous solutions of the optimal transport problem
constructed in [CTY], which is expected to serve as a model at infinity for “generalized Tian-Yau
metrics”, arises as a blow-up limit for the optimal transport problem describing intermediate complex
structure degenerations of Calabi-Yau hypersurfaces [?]. This provides further evidence that general-
ized Tian-Yau metrics should exist and should arise as bubbles in the intermediate complex structure
degeneration of Calabi-Yau hypersurfaces.

7. FLAT DIRECTIONS AND MIXED HOMOGENEITY

Let C = {z, > ¢c(2')} C R™ be a strict cone. In this section, we consider optimal transport maps
from (R"™™ x C,dx) to (R"! x R, ,y*dy). This situation arises in our previous work with S.-T. Yau
[CTY]]. We'll see that in this case, the existence of flat-sides in the domain breaks the homogeneity,
and the solutions exhibit mixed homogeneous behaviour.

7.1. A Pogorelov estimate along flat directions. We first prove Pogorelov-type estimates for
solutions in the flat directions. When C = R, is a one-dimensional cone, a Pogorelov-type estimate
was established by Jhaveri-Savin [JS, Proposition 4.1] using a doubling trick. The following estimate
generalizes this result to arbitrary cones and general densities.

Proposition 7.1. Let Q C R?” and Q) C Ry Suppose that the following structural conditions hold:
(i) There is a smooth convez function ¢q(x) = ¢pa(xs,...,xm_1) such that po(0) =0 and
QN B1(0) ={z € B1(0) : z,, > pa(z2,...2n-1)}
(ii) There is a smooth convex function ¢/ (y) = o (Y1, - -, Yn—1) such that ¢pq(0) =0 and
QN Bi(0) ={y € Bi(0) : y > b (Y1, - - - Yn—1)}

(iii) There is a smooth, positive function g(z) defined on 2 N B1(0) and such that g(x) = g(xq, ..., x,)
is independent of xy.
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(iv) There is a smooth, positive function ¢'(y) defined on Q' N By1(0) and such that ¢'(y) is log-
concave and satisfies

p

. g’ /
> 2y < kg'(y)
p=1 3y

for some k > 0 and for all y € ' N By(0).
Suppose that u is a convex function satisfying 0 = u(0) = |Vu|(0) and

g (Vu) det D*u = g(x), in QN By(0)
ou ou ou
> bey L. m QN B
ox, — b0 (axl’ ’ 8xn,1)’ in 201 B1(0)
ou ou ou
— = b . QNB
oz, b0 (891:1’ : 895”,1)’ on 02N B1(0)

Let ¢ be the tangent plane to u at the origin, h > 0 and suppose that
Sp(u,0) ={u <+ h} € B(0)NAQ.

Then we have a bound
upi|u — € —h| < C(n, K, [ur — l1|| L5, (0)))-

Proof. By subtracting a linear function from u, we may assume that u(0) = |Vu(0)] = 0. Let
Sy, = Sh(u,0) be the a section of height h centered at 0, and replace u with v — h. The argument is
a Pogorelov type argument, making essential use of the boundary data. Consider the quantity

1
¢ = log uyy + log |u| + guf

Let x, € S}, be the point where ® achieves its maximum. Either z, is an interior point, or x, lies on
oNS, N B;.

Suppose first that x, is an interior point. We may perform a shearing transformation preserving
the x; direction, followed by a rotation in the xs,...,x, directions in order to diagonalize D*u(x,).
We note that since the z;-direction is preserved, the structural conditions (i) — (iv) are preserved
under this affine change of coordinates. Differentiating the equation ¢'(Vu)det D?*u = g(z) in the
x1-direction,

ij dg’ 9 .
guuiin + @um; =g =0. Since g(z) = g(xg, -+ ,xp).
P
Differentiating again, we obtain
g 0 L y 0?log ¢’ 1 9¢
0=0, (u”u“ + —(log ¢')u 1) = —uF T ugugy + uT i+ U Uy + — U1
J ayp D J J aypayq pL=q g/ ayp P
Using that D?u is diagonal at x, (which yields u?P = ﬁ) we compute
Uy 1 0g
7.1 — + — u; =0
(7.1) > PR
2 2 !
Ut1pp 1 ag/ ulpq 2 9 lOgg
(72) + ———U11p = — U
Z Upp g0y, " gq: Upplqq oyt

Differentiating ® at z, we have

ullp Up
7.3 b, =—+ =+ =0
(7.3) P + -
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2

1 (ullp)z Upp  Up 2
+——§+u1ppu1+u1p § 0

7.4 b, =— —
(7.4) PP unullpp w2 w
Note that u;, = 0 for all p # 1. Multiplying (@) by uf? = ﬁ (Since D?u is diagonal at z,) and
summing over p yields

(7.5)
n n 2 n

0> Z Uiipp _Z(u;lp)z—i_%_zu;u +U12?+u11

uj U
1<p<n U11Upp —1 “11%pp p=1 PP p=1 PP

Uy "\ (ui,)? n uiy u2 .
=D D v D +§_Z o=t —+u11 using (7.3)
p=2

1<p<n ullupp p=1 ullupp p—l p

— U%Pq u 0*log g’ _Zn: 1 8_g'

= — Un
|5 Unpliagtiy oy? g'u11 Oy,
— Z t1p)” — Z Mp _ + Uy Z - U11 using (@)
1 Ullupp unupp uuy —1 Upp
p= = p=
uf 82 log g "1 of n u? -
> — P uy—== Dy? Z ; 8_u11p - - — Lty — +tun
2<p.q<n UppUgqU11 —1 guir Oy, U u11 1 “pp
2 n 2 n
u 9?lo 1 9¢’ 19¢g" u, n u u
= Z ¢—U11 gg + /—gU11U1+Z—/—g_p+—_ 21 +ulzﬂ+u11 using (@:
Doty UppliggUin oy? g Oy =9 Oyp v u  vlup = Unp
By (EI) we have
u 10
(751 e —/—uuul =0
Up, g0
Substituting this expression into (@) yields
2 2 / 2 n /
uy J%logg" n u 1 0¢ u
(7.6) 0>} W —uym S s e b Y ot
9<pa<n UppUgqU11 Y1 u U“U11 Yp U

- yp < k' (y), (y = Vu) gives

Since u < 0 in S, the structural property (iv): ¢g'(y) is log-concave, 5%
0?log ¢’ 1 dq' u K
— =<0 and =) ——-E>—.

Iyt g~ Oy, u
Thus, in total, at z, we have
n+rk u?
0> - = Lty
u U U1

Multiplying through the |u|*u; yields
ulPufy + (n+ K)|ufuin < ui = fulun < Cn, g, lul]zes, 0))-

We now address the case when z, € 9Q N S, N B1(0). First we remark that since g, ¢’ are smooth
bounded strictly away from zero, the result of Chen-Liu-Wang [CLW], and the regularity theory of
Caffarelli [C2, C3], u is smooth up to the boundary

By obliqueness, we can apply a shearing transformation in the (xo, ..., z,) directions which fixes
the x,, direction, we may assume that e, is the inward pointing normal vector to 2 at x,. In other
words, we have ‘Z‘%’(x*) =0 for all 1 < 5 < n — 1. Similarly, by shearing transformation in the
(y1,-..,yn) variables which fixes the ¥, direction we may assume that e, is the inward pointing
normal vector to ' at y. = Vu(z,). In other words, ag;?, (o) =0forall1 <j<n-—1.
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We may write the restriction of ® to 9Q2 N S, N B1(0) as

@‘89(@,:102, cosTpo1) = P(xy, o T, Oo(T2y - 1)
Since ® is maximized at x, we have
0P N 0P dpg 0P
Ox; Oz, 0x; Ox;
Differentiating a second time yields

0?P Pd 0pq n ( 0P N 0?P 8¢Q) 0P n 0P 9?¢q

>
02 522 ¥ 90,01, 00, " \Bu,00, | 022 Oz, ) Dz, | 0wy, 02

2P 2 2 2 2
:82+3<I>8¢2Q+28<I> 0¢Q+8CI>(8¢Q)
dr} = Oz, Oz; 0z, 0x; Ox;  0x2 \ Oz,

B 9P N 0P ¢
N Ox5  Ox, Ox}

We now consider the derivative of ® in the z,, direction. We have

(7.7) 0= for1<j<n-—1.

T x

U1t u
On the other hand, from the boundary data we have

un:¢9/(u1,...,un,1)
and so .
< Dy — 0o
Ui (X)) = —— (Y )urp(z) = 0.
Zayp olr) = 3 0 )

Differentiating again yields

P oo 3¢Q/
Ully = Z S Uplig + Z U11p
9Yp0yq
1<p,g<n—1

By (@) we have

U
o, = 11p+—+u1pu1—0 forl<p<n-—1
U1

and so
n—1
U11n o Z 62¢Q/ UpUig _ Z a¢9, <% b u1>
= ) |
U1 1§pﬂ§nﬁq>aypayq U1 = Oy, \u
This gives
0%bey Ui U " 9bor su / nlo
Q= > 8(29 1p 1q_za¢ﬂ <—p+ulpu1>+¢—ﬂ+u adbu
1<pgen—1 T U1 1 99 MU U
n—1
aQCbQI ulpulq 1 aqbgy
Z vy, 0 U T m 8 — oo |-
1<pgen—1 ZYpPYa U1 -

By the convexity of ¢q, the first term is non-negative. By the convexity of ¢ and ¢o/(0) = 0, the
second term is non-negative as well. Hence we conclude that

®,,(z,.) > 0.
In particular, we must have

(7.9) O, (z,)=0 and P,,(z,) <0.
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Substituting this into (@) we obtain

0P 0?P
7.10 —(z.) =0 d —(z,) <0.
(7.10) g (7 =0 and 5o s
Finally, since uy,(z.) = 0, we may perform a shearing transformation preserving the z; and x,

directions so that D?u(z,) is diagonal. By structural condition (i), 9 is invariant under translations
in the z; direction and so equations ([7.1]), (@) hold up to the boundary. Furthermore, by (@)
and (@) we conclude that ?@) and ([7.4) also hold at x,. We may therefore treat x, as if it were
an interior point, and the previous argument leads to the desired estimate. O

Remark 7.2. In Proposition , the non-degeneracy of the measures g(x)dx and ¢'(y)dy, as well
as the smoothness_of the boundaries €2, can typically be relaxed by an approximation argument;
see for example [JS, Proposition 4.1]. We given an example of such an arqument in the proof of
Theorem |7.3 below.

7.2. Shape of sections in mixed homogeneity case. We now prove the main result of this
section, which gives the shape of sections when the domains has flat side. As we can see, the flat
sides breaks the homogeneity, and the solution exhibits mixed homogeneous behaviour.

Theorem 7.3. Suppose that near the origin Q2 is locally equal to R™™ x C and € is locally equal to
R x Ry, and g(z) = 1,¢'(y) = y*. Then there exist C > 1 such that for h < 1, we have

B*™, xB™ _, CSu0) CcB""xB" , |,
C Ch2

—1p32 C_lhl+ﬁ Ch1+mLHc
and
B™™, xB™ ., CS0) CB"™xB"
C-1h3 Oo—1p, 1+ 2EE Ch2 o 1+ 2E
Proof. Let S5 (v,0) ~ E(ly,la,...,l,—1,d(h)) and S§(u,0) ~ E(ﬁ7 %, e lil , #) and assume with-

out loss of generality that
L <l <o <y

First we claim that by the Pogorelov estimate (Proposition EI) we have
(7.11) li ~ Ly ~ h2.

We first prove that ¢, _,, < hz using Proposition @ and an approximation argument. By the duality
of sections, and rotational symmetry in the (xy,...,z,_,,) variables, it suffices to prove the bound

sup up <C
Sho (uvo)

Suppose that u satisfies the assumptions of the theorem, and let v = u* be the Legendre dual of
u. Fix some hy and some § > 0 so that Sy,(u,0) C Bi_s5. Choose a sequence C; C R™ of smooth
convex sets approximating C in By(0), and choose also a sequence of sets T; C {y € R" : y, > 0}
which are dilations of T := Vu((R* x C) N B;(0)), such that for j sufficiently large

e we have the containment
Tg = VU(((Rnim X C) N 31,5(())) c T]

e the mass balancing condition holds:

1
/ dr = / (Y + = )Fdy
(R"=mxC;)NB1(0) T; J

J
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Let v; be convex function solving the optimal transport problem

det D*v; = (y, +j5 1) in Y

(7.12) Vo, (T;) = (R x C;) N By(0)

By the regularity theory for optimal transport maps [C1, C2, CLW, JS] we have that, for any j,
v; € C?*(Ts) and the v; are uniformly bounded in C**(Y5), and hence v; converge to v in C*(Y5).
In particular, if u; denotes the Legendre transform of v;, then for j large u; satisfies

(% +ji Hfdet D*u =1, in (R™™ x C;) N Sh,(uj,0)
O

(7.13) azj >0, in (R™™ x C;) N Sh,(u;,0)
o

azi =0, on (R"™ x dC;) N Sy (u;,0)

We may therefore apply Proposition @ uniformly to u; with x = k, and the result follows by taking
the limit as j — oc.
Next we prove the reverse estimate /1 2 hz, which will follow from the estimate

sup vy <C
Sho(vvo)

for some C| hy. Since the approximation argument is similar to the preceding argument, we only
sketch the details. We choose a sequence of smooth convex functions ¢¢, such that ¢¢, (0) = 0, and
¢c,, converge to ¢¢ uniformly on compact sets. Let

Cm - {mn Z ¢C7n(‘r17 R 7xn—1)}

We now solve a sequence of optimal transport problems with smooth non-degenerate measures given
by dz and (y, + €)*dy, and targets contained in C,,. The result follows by applying the preceding
Pogorelov interior estimate, and passing to the limit as m — oo.

We have thus established ([7.11)). By similar arguments to those in the proof of Theorem we
will show that

d(h) < lpomsr < -+ < Loy
Indeed, let {e, ..., e,} be the standard basis of R™ and let 5" (v, 0) = S§(v,0)NSpan{e;, e, }. Define
—(;(h) = min{z; : (x;,0) € S5’ (v,0)}
ri(h) = max{z; : (z;,0) € S¢*(v,0)}
and note that ¢;(h) ~ r;(h) by balancing. Since C is a strict cone, we have

Oc(Tnomaty -y Tpo1) = Cnfmfifggnq | ;]

for some uniform ¢ > 0 depending only on C. For any n —m + 1 < i < n — 1, the boundary values
yield

ov ov ov
a—yn(—fz‘(h)@i) - ¢c(m(—€i(h)€i)7 e %(—gz’(ﬁ)ei))
> g (~ti(h)e)
S sz'(h)

- h
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where we used convexity of v in the last line. From now on we consider the two dimensional subspace
R? = Span{e;,e,} CR" forn—m+1<i<mn. Let

ov ov
7= (G -tthe), 5 (-6ihen))
Then we have shown that 7- e, > ¢|77- ¢;|, and the line

is a supporting line for S;’i(v, 0),intersecting the line {r;(h)e; + te, : t € R} at a point r;(h)e; + tie,
where t, ~ £;(h). Therefore,

dy < min  {4;(h), (M)} S lmar

n—m+1<i<n—1

as desired.
From the mass balancing condition imposed by the equation, we have

hn
-~ S 0)] ~ Fdy ~ 1y -+ 1,_1d(h)FH!
ll"'ln—ld(h) ’ h(ua )’ /Sh(v,()) Yn @Y 1 1 ( )
which implies
h™ o~ (lnfm+1 . ln*1)2d(h)k+2 Z d<h)k+2+2(m_1)
and so
+%'

[Su(w,0) Sk T
We claim that a comparable lower volume bound holds

Lemma 7.4. In the above setting, there is a constant ¢ > 0 so that

(7.14) 1S (u,0)| > ch ®  Trakx
forall h < 1.
Assuming Lemma @, the shape of the sections follows as in Theorem . O

It only remains to prove Lemma @

Proof of Lemma . We argue by induction on m. First note that it suffices to prove () for all h
sufficiently small, up to redefining c. When m = 1, the result follows from the work of Jhaveri-Savin
[JS, Theorem 1.4]. Suppose that () is not true. Set

n—m N m
2 1+ ml%
For € > 0 define the set of “e-bad scales” to be

Ble) ={heR, :0<h<1 and eh? < |Sy(u,0)| < 2eh7}

fy:

and let N
B(e):=JB(r)={heR.:0<h<1 and |S,(u,0)| < 2eh7}

T7<e
Suppose that, for some € > 0 we have inf%(é) =0 > 0. Then, for all h < § we have
|Sh(u, 0)] > 2eh”

which is the desired result. Thus we may assume that there is a sequence h; \, 0, and a sequence
g; \¢ 0 such that h; € B(g;). We will show that this scenario leads to a contradiction. The main
technical tool is the following claim:

Claim 7.5. Fiz a constant K > 1. There exists hg,co, and Ay € (0,1) such that, if h < hg, and
e < &g, and eh? < |Sp(u,0)| < 2eh?, then for some h' € (A\oh,h) we have | Sy (u,0)] > 2Ke(h')7.
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We now prove () and hence Lemma @, assuming Claim @ First, observe that by convexity

we have the containment .
§Sh(u, 0) C S% (U, O)
and hence, if h € B(¢)

h v
5y, 0) 2 27183] 2 20 (5

In particular, we have

(7.15) heBe) = g ¢ B(27"e).

We apply the claim with K =277 > 1. Let ¢q, hg, A\g be as in the claim. Let
hy = inf{h < hy : h ¢ B(=)}.

By () we have h; € B(g;) for some & € (K 'gg,&0). By Claim @ we conclude that there is an
hy € (Aoh1, hy) such that hy ¢ B(Keq). In particular, we obtain

he € B(gy) for eg > Keg > g9
Thus, for every h € (ha, hy) C (Aoh1, h1) we have
|Sh(u, 0)] > [Shy(u,0)] > eohg > egAJh] > eoAJhY
We can now repeat the argument, taking
hs = inf{h < hy : h & B(eo)},
and proceeding as before. It follows that
|Sh(u, 0)] > egAJh”  for all h < hy
which contradicts our assumption regarding the existence of the sequence (h;,€;). U

In order to complete the proof of Lemma @ (and thereby Theorem @), it only remains to prove
Claim [7.5.

Proof of Claim . The proof is by contradiction. If the claim is not true, then there exist h,, ey, 1}, 0p, 1y €
(0,1) such that h, \ 0, £, \( 0, £, (0 as p — o0, and

rp < hp, 0, <ep, T, € B()

and such that, for all &’ € (u,r,, r,) we have b’ € B(K dp). By assumption we have r, — 0 and

S, (u,0
M < 26, — 0.
T'p
From the preceding analysis of the sections, this can only occur if li(:a)p) — 0. Hence, the rescaled
functions
_T _ "™ "
UP<37> = u(ll(rp)xh v lnfl(rp)xn_h d(Tp)xn>
Tp
satisfy
Ty 1
det D*u, = -

(h(rp) - - lna (7)) 2d(rp)**+2 (up)5;
and since W ~ 1, we can take a convergent subsequence converging to u.,, which is a

limiting optimal transport map ((R"~™% x C,dz), (R" ™ x Ry, y¥dy), s, Vso) for some j > 0 and
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some strict cone C C R™™177 x R,. Therefore, by the induction hypothesis, there are constants ¢, C
so that for all A <1 there holds

n—m-+p m—p nf'rrH»p+ m—p
2 1t _m—p 2 1t _m—p
ch =tk < |S)(Use, 0)] < Ch m—p+E
If we denote [ := ”_g"Lj + Hmﬂj , then since j > 0, we have § < 7. Fix A large so that
m—j+k
LC =8 sk
2C '
Then, for p sufficiently large we have
c 1 c 1
S (u,0)] > —-—|S, (u,0)] = AV P——|8, (u,0
| p( )|—20Aﬁ| p( )| 2CA»Y| p( )|
1
2 4KF|S"‘P(U’7 O)l
1
Z 4Km§p7"g
and so 2 ¢ B(K d,) for p large, a contradiction. O
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