
NOTES ON MONOTONICITY APPROACH

GUOQING CUI

This notes contain two parts, including Yuan’s Pogorelov’s Hessian estimates for Monge-Ampère
equation [Yuan], Collins and Tong’s boundary regularity of optimal transport map on convex domains[CT].
The same point is that they all use the monotonicity approach.

1. Monotonicity approach to Pogorelov’s Hessian estimates

Theorem 1.1. [Yuan] Let u be a smooth convex solution to
detD2u = 1

with Du(0) = 0 on
Dr :=

{
x ∈ Rn : x · ∇u ≤ r2

}
.

Then we have

(1.1) |D2u(0)| ≤
[
2|B1|rn

|∂Dr|
|Dr|2

‖Du‖L∞(Dr)

]2n
.

Remark 1.2. We define the following sets
Dr(u, x0) := {x ∈ Ω : (x− x0) · (∇u(x)−∇u(x0)) ≤ r2}

which we call extrinsic balls of radius r centered at x0. Up to a factor of 2, the extrinsic ball
and the sections have the same shape. Indeed, we assume that x0 = 0, u(0) = 0, and ∇u(0) = 0 by
subtracting a linear function, by convexity we have
(1.2) u(x) = u(x)− u(0) ≤ x · ∇u(x) ≤ u(2x)− u(x) ≤ u(2x),

from which the two inclusions follows immediately
1

2
Sr2(u, x0) ⊂ Dr(u, x0) ⊂ Sr2(u, x0)

Proof of Theorem 1.1. Taking the gradient of both sides of log detD2u = 0, we have
(1.3) uijuijk = 0, for each k = 1, 2, · · · , n.
Denote g = (gij) = D2u, and we can write the Laplace-Beltrami operator as ∆g = gij∂ij. Let

z = x · ∇u(x) = x · (∇u(x)−∇u(0)) ≥ 0.

For any fixed point p, since the object we study is invariant under coordinate rotation, we may
assume that D2u is diagonal (which yields gii = 1

uii
at the point p), then at the point x = p, we have

|∇gz|2 =
〈
zig

ij ∂

∂xj
, zkg

kl ∂

∂xl

〉
g

= gij∂iz∂jz = gij(ui + xkuki)(uj + xkukj)

p
= gii(u2i + x2iu

2
ii + 2xiuiuii) =

u2i
uii

+ x2iuii + 2xiui ≥ 4xiui = 4x · ∇u(x) = 4z,(1.4)

∆gz = gij(2uij + xkukij)
(1.3)
= 2gijuij

p
= 2giiuii = 2n ≤ n

2

|∇gz|2

z
.(1.5)
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Denote s =
√
z, then at the point p, we have

|∇gs| =
1

2
√
z
|∇gz|

(1.4)
≥ 1(1.6)

∆gs = gij∂ijs = gij
(
zij
2s

− 1

4

zizj
s3

)
=

1

2s
∆gz −

1

4s3
|∇gz|2

(1.5)
≤ 1

2s

n|∇gz|2

2s2
− 1

4s3
|∇gz|2 =

n− 1

4s3
|∇gz|2 =

n− 1

s
|∇gs|2.(1.7)

Step 1. To show that: For any nonnegative superharmonic quanlity q, i.e. satisfying

q ≥ 0 and ∆gq ≤ 0,

one has

(1.8) 1

|B1(0)|rn

ˆ
Dr

q dx ≤ q(0).

Now we shall prove (1.8). Set

ψ(s) :=

ˆ ∞

s

tχ

(
t

ρ

)
dt =

{
1
2
ρ2 − 1

2
s2, 0 ≤ s ≤ ρ

0, s > ρ

where χ is taken as a nonnegative smooth approximation of the characteristic function of (−∞, 1) ⊂
(−∞,∞) with support in (−∞, 1). Then we have

∆gψ(s) = gij(ψ′si)j = ψ′gijsij + ψ′′gijsisj = ψ′∆gs+ ψ′′|∇gs|2

compute ψ′ ψ′′ = −sχ(s/ρ)∆gs+

[
−χ(s/ρ)− s

ρ
χ′(s/ρ)

]
|∇gs|2

using (1.7) ≥ −
[
nχ(s/ρ) +

s

ρ
χ′(s/ρ)

]
|∇gs|2

= ρn+1 d

dρ

(
ρ−nχ(s/ρ)

)
|∇gs|2.

Multiplying q both sides and integrating over the whole maximal surface M := (x,Du(x)), we have

0 ≥
ˆ
M

ψ∆gq dVg =

ˆ
M

q∆gψ dVg ≥ ρn+1 d

dρ

[ˆ
M

qρ−nχ(s/ρ)|∇gs|2 dVg.
]

Note that 1 ≤ |∇gs| → 1 as x → 0 and dVg =
√
detD2udx = dx. Indeed, near 0, we denote

uij(0) = λi(0)δij, ui = λi(0)xi +O(|x|2), uii = λi(0) + O(|x|). We have

|∇gs|2 =
|∇gz|2

4z
=

u2i
uii

+ x2iuii + 2xiui

4xiui

=
1

2
+

λi(0)
2x2i+2λi(0)O(|x|3)
λi(0)+O(|x|) + λi(0)x

2
i +O(|x|3)

4λi(0)x2i +O(|x|3)
→ 1

2
+

1

4
+

1

4
= 1 as |x| → 0.

Taking limit in the smooth approximation of the characteristic function, we know that

F (ρ) := ρ−n
ˆ
{s≤ρ}

q|∇gs|2 dx = ρ−n
ˆ
{x·∇u(x)≤ρ2}

q|∇gs|2 dx
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is non-increasing. So lim
ρ→0+

F (ρ) ≥ F (r). Since near 0, |{x · ∇u(x) ≤ ρ2}| = |{xTD2u(0)x ≤ ρ2}| =

detD2u(0)|Bρ(0)| = |B1(0)|ρn, we have lim
ρ→0+

F (ρ) = q(0)|B1(0)|. Then

|B1(0)|q(0) ≥ r−n
ˆ
Dr

q|∇gs|2 dVg ≥ r−n
ˆ
Dr

q dx.

Step 2. Jacobi inequality:

Lemma 1.3. Suppose u is a smooth convex solution to detD2u = 1. Then

(1.9) ∆g log det
(
I +D2u(x)

)
≥ 1

2n

∣∣∇g log det
(
I +D2u(x)

)∣∣2 .
Or equivalently for q(x) = [det (I +D2u(x))]

− 1
2n ,

(1.10) ∆gq ≤ 0.

Step 3. Let
q(x) =

[
det(I +D2u(x))

]− 1
2n

be the desired superharmonic quantity. Note that by Hölder inequality,

|Dr|2 =
(ˆ

Dr

q1/2q−1/2 dx

)2

≤
ˆ
Dr

q dx

ˆ
Dr

q−1 dx, ⇒ 1´
Dr
q dx

≤ 1

|Dr|2

ˆ
Dr

q−1 dx.

Then we have(
det
[
I +D2u(0)

]) 1
2n =

1

q(0)
≤ |B1|rn

1´
Dr
q dx

by (1.8)

≤ |B1|rn
1

|Dr|2

ˆ
Dr

q−1 dx

= |B1|rn
1

|Dr|2

ˆ
Dr

[(1 + λ1) · · · (1 + λn)]
1
2n dx < |B1|rn

1

|Dr|2

ˆ
Dr

(1 + λmax) dx

≤ |B1|rn
1

|Dr|2

ˆ
Dr

2λmax dx ≤ |B1|rn
2

|Dr|2

ˆ
Dr

∆u dx = |B1|rn
2

|Dr|2

ˆ
∂Dr

uγ dσ

≤ 2|B1|rn
|∂Dr|
|Dr|2

‖Du‖L∞(Dr).

Hence we obtain

|D2u(0)| = λmax(D
2u(0)) ≤ det

[
I +D2u(0)

]
≤
(
2|B1|rn

|∂Dr|
|Dr|2

‖Du‖L∞(Dr)

)2n

.

□
Now it remains to show that Lemma 1.3.

Proof of Lemma 1.3. Denote
b(x) = log det

(
I +D2u(x)

)
.

For any fixed point p, we assume that D2u is diagonalized. we can calculate at the point p
0 = ∂α log detD

2u = gijuijα = giiuiiα,(1.11)
0 = ∂β

(
gijuijα

)
= gijuijαβ − gikgljgklβuijα

∆guαβ = gij∂ijuαβ = gikgljuklβuijα = gkkglluklαuklβ.(1.12)
Note that

∂αb = (I + g)ijuijα
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∂αβb = (I + g)ij∂αβuij − (I + g)ik(I + g)lj∂β(δkl + gkl)uijα

= (1 + uii)
−1∂αβuii − (1 + ukk)

−1(1 + ull)
−1uklαuklβ.

We obtain that

∆gb = gαβ∂αβb = gαα∂ααb

= (1 + uii)
−1gαα∂ααuii − gαα(1 + ukk)

−1(1 + ull)
−1u2klα

using (1.12) = (1 + λi)
−1gkkgllu2kli − gαα(1 + λk)

−1(1 + λl)
−1u2klα

= (1 + λi)
−1gjjgkku2ijk − (1 + λi)

−1(1 + λk)
−1gjju2ijk

= [λi(1 + λk)− λiλk] (1 + λi)
−1(1 + λk)

−1giigjjgkku2ijk

= λi(1 + λi)
−1(1 + λk)

−1h2ijk,

where we denote the second fundamental form
√
giigjjgkkuijk by hijk. Let µi = λi−1

λi+1
∈ (−1, 1). We

have

∆gb =
1 + µi
1− µi

· 1− µi
2

· 1− µk
2

h2ijk =
1

4

∑
i,j,k

(1 + µi)(1− µk)h
2
ijk

=
1

4

[∑
i

(1− µ2
i )h

2
iii +

∑
i ̸=j

(1− µ2
i )h

2
iij +

∑
i ̸=j

(1 + µi)(1− µj)h
2
ijj +

∑
i ̸=k

(1 + µi)(1− µk)h
2
iik

]

+
1

4

∑
i>j>k

[(2 + µi + µj)(1− µk) + (2 + µi + µk)(1− µj) + (2 + µk + µj)(1− µi)]h
2
ijk

=
1

4

[∑
i

(1− µ2
i )h

2
iii +

∑
i ̸=j

(3− µ2
j − 2µiµj)h

2
ijj

]
+

1

2

∑
i>j>k

(3− µiµj − µiµk − µjµk)h
2
ijk ≥ 0.

At the point p, we also have

|∇gb|2 = gαβ∂αb∂βb =
∑
α

gαα

[∑
j

1

1 + λj
ujjα

]2

=
∑
α

[∑
j

(1 + λj)
−1λjg

jj√gααujjα

]2

=
1

4

∑
i

[∑
j

(1 + µj)hijj

]2
=

1

4

∑
i

[∑
j

(1− µj)hijj

]2
,

where the last inequality follows the fact that
∑

j hijj = gii
∑

j g
jjuijj = 0 since (1.11).

For each fixed i, case µi ≥ 0,

1

2n

(∑
j

(1− µj)hijj

)2

≤ 1

2
(1− µi)

2h2iii +
1

2

∑
j ̸=i

(1− µj)
2h2ijj

≤ (1 + µi)(1− µi)h
2
iii +

∑
j ̸=i

[
1− µ2

j + 2(1− µiµj)
]
h2ijj ,

where in the first inequality we used

a · e ≤ ‖a‖2‖e‖2, where a = (a1, · · · , an), e = (1, · · · , 1),
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and in the last inequality we used

1

2
(1− µj)

2 ≤

{
1− µ2

j for µj ∈ [0, 1)

2(1− µiµj) for µj ∈ (−1, 0), µi ≥ 0.

For the case µi ∈ (−1, 0), symmetrically we have

1

2n

(∑
j

(1 + µj)hijj

)2

≤ (1 + µi)(1− µi)h
2
iii +

∑
j ̸=i

[
1− µ2

j + 2(1− µiµj)
]
h2ijj .

Hence
1

2n
|∇gb|2 ≤

1

4

∑
i

[
(1− µ2

i )h
2
iii +

∑
j ̸=i

(3− µ2
j − µiµj)h

2
ijj

]
≤ ∆gb.

Equivalently, we also have

∆gq = ∆g(e
− b

2n ) = gij∂ij(e
− b

2n ) = gij
(
− 1

2n
e−

b
2n bi

)
j

=
1

4n2
e−

b
2n gijbibj −

1

2n
e−

b
2n gijbij

=
1

2n
e−

b
2n

[
1

2n
|∇gb|2 −∆gb

]
≤ 0.

□

2. Preliminaries in optimal transport maps

Given domains Ω,Ω′ ⊂ Rn equipped with measure µ, ν respectively with µ(Ω) = ν(Ω′). An optimal
transport map (with quadratic cost) is a measurable map T : Ω → Ω′ that satisfy T♯µ = ν, i.e.ˆ

Ω

φ ◦ Tdµ =

ˆ
Ω′
φdν, for any ν-integrable function

and that minimizes the cost function

c(T ) := −
ˆ
Ω

x · T (x)dµ(x)

amongst all measurable maps that pushforward µ to ν.
Brenier [Br] shows that a unique optimal transport map T always exists and it is given by the

gradient of a convex potential T (x) = ∇u(x) for µ-almost every x. Moreover, the inverse optimal
transport map T−1 = ∇v : Ω′ → Ω is given by the gradient of the Legendre transform of u, defined
by

v(y) := sup
x∈Ω

(〈x, y〉 − u(x)).

We say
g′(∇u(x)) detD2u(x) = g(x)

in Brenier’s sense if for any continuous function φ such thatˆ
Ω

φ(∇u)g(x) dx =

ˆ
Ω′
φ(y)g′(y) dy

(
=

ˆ
Ω

φ(∇u(x))g′(∇u(x)) detD2u(x) dx

)
,

which is strictly weaker than the classical definition of weak solution, since it is unable to see the
singular part of detD2u.

Denote that the measures dµ = g(x)dx, dν = g′(y)dy are absolutely continuous with respect to
the Lebesgue measure. We present the main result on the regularity of u before:
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• When Ω and Ω′ are convex, and , Caffarelli [C1] proved that u satisfy the following Monge-
Ampere equation in the Alexandrov sense

(2.1)
{
detD2u(x) = g(x)

g′(∇u(x)) for x ∈ Ω

∇u(Ω) = Ω′.

Moreover, if the domains are not convex, then Brenier’s solutions can fail to be an Alexandrov
solution to (2.1), and u may not even be C1.

• If Ω,Ω′ are bounded convex domains, and C−1 < g, g′ < C, then u ∈ C1,δ(Ω) [C2]. If g, g′ are
allowed to degenerate, but satisfy a doubling type condition [JS], this conclusion also holds.

• If Ω,Ω′ are uniformly convex with C2 boundary, C−1 < g, g′ < C, and g, g′ are Cα-Hölder
continuous, then u ∈ C2,α′

(Ω) [C3]. Earlier works of Delanoe [De] (in dimension 2), and
Urbas [Ur] established the global C2,α′ regularity assuming ∂Ω, ∂Ω′ are C2,1, and g, g′ ∈ C1,1.

• Chen-Liu-Wang [CLW] removed the uniform convexity condition, proving that u ∈ C2,α(Ω)
provided C−1 < g, g′ < C are Cα, and Ω,Ω′ are convex and C1,1-regular.

• Assuming Ω,Ω′ are convex and C1,1 regular, Chen-Liu-Wang[CLW] also establish the global
C1,1−ϵ regularity (for any ϵ > 0), and W 2,p regularity (for any p > 0) assuming that C−1 <
g, g′ < C are continuous up to the boundary. Previously, Caffarelli established interior W 2,p

estimates in [C4], while global W 2,p estimates were obtained for the Dirichlet problem by
Savin [Sa1], and for the second boundary value problem by Chen-Figalli [CF].

• Without any regularity assumptions on the boundary, Savin-Yu [SaYu] in dimension 2 estab-
lishes the global C1,1−ϵ and W 2,p regularity of solutions when g = g′ = 1 for arbitrary convex
domains Ω,Ω′ ⊂ R2.

In the paper[CT], The first result is a global W 2,p and C1,1−ϵ estimate for solutions of (2.1) in
arbitrary convex domains in any dimension, assuming C−1 ≤ g, g′ ≤ C are Cα. This extends the
results of Savin-Yu [SaYu] to all dimensions. (See Theorems 5.5 and 5.6)

The second result is a global C2,α-regularity result, which extends the result of Chen-Liu-Wang
[CLW] from C1,1 convex domains to C1,β convex domains. (See Theorem 5.9)

Definition 2.1. An optimal transport map (or more precisely, an optimal transport map between
convex domains equipped with doubling measures) will be given by the data ((Ω, µ), (Ω′, ν), u, v) where

(1) (Ω,Ω′) ⊂ (Rn
x,Rn

y ) are two open (not necessarily compact) convex sets.
(2) µ and ν are measures with support Ω and Ω′ respectively such that

(a) They are absolutely continuous with respect to the Lebesgue measure, and we set dµ =
g(x)dx, and dν = g′(y)dy.

(b) The measures µ (and ν) are doubling, that is there exist constant C > 1 such that for
any ellipsoid E ⊂ Rn centered at a point x ∈ Ω (or centered at y ∈ Ω′), we have

µ(E) ≤ Cµ(
1

2
E)

(
or ν(E) ≤ Cν(

1

2
E)

)
.

The constant C > 1 is called the doubling constant of (µ, ν).
(3) (u, v) are a pair of strictly convex functions on (Ω,Ω

′
) such that

(a) ∇u(Ω) = Ω′ and ∇v(Ω′) = Ω.
(b) Let (ū, v̄) be the minimal convex extensions of (u, v),

ū(x) := sup{l(x) : l is tangent to u at some point x0 ∈ Ω},

v̄(y) := sup{l(y) : l is tangent to v at some point y0 ∈ Ω′}.
Then ū, v̄ ∈ C1,α

loc (Rn) for some α ∈ (0, 1), and (ū, v̄) = (v⋆, u⋆) where (v⋆, u⋆) are the
Legendre transforms of (v, u).
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(c) (ū, v̄) are Alexandrov solutions to the Monge-Ampére equations

(2.2) detD2ū(x) =
g(x)

g′(∇ū(x))
χΩ(x)

and

(2.3) detD2v̄(y) =
g′(y)

g(∇v̄(y))
χΩ′(y).

respectively.

Remark 2.2. By [JS, Theorem 1.1] (also see [SaYu, Remark 2.1]), the properties for u, v are always
satisfied by optimal transport maps when the measures (µ, ν) are doubling measures supported on
convex domains.

For any x0 ∈ Ω and h > 0, we define the section of u at x0 of height h to be the convex set
Sh(u, x0) := {x ∈ Ω : u(x)− u(x0)−∇u(x0)(x− x0) ≤ h}.

We also define a centered section of u at x0 ∈ Ω to be
Sch(u, x0) := {x ∈ Rn : ū(x)− ū(x0)− p · (x− x0) ≤ h}

where recall that ū is the minimal convex extension of u, and p ∈ Rn is chosen so that Sch(u, x0) has
center of mass x0. By [C3], if the graph of ū contains no line, then centered sections always exist.

Given a centered section S = Sch(u, x0), one can define the normalized section by
S̃ = A(S)

where A is the (unique) symmetric positive definite matrix such that A(E) = B1(0) where E is the
John ellipsoid of S. We call A the normalization matrix of S, and it satisfies (detA)|S| ∼ 1. We
also define the normalized potential ũ : S̃ → R by

ũ(x̃) =
(ū− l)(A−1x̃)

h
.

where l(x) = u(x0) + p · (x − x0). It follows that S̃ = {ũ < 1}, and the pair (S̃, ũ) is a normalized
pair. Moreover, ∇ũ : Ω̃ → Ω̃′ where Ω̃ = A(Ω) and Ω̃′ = h−1A−1(Ω′).

Furthermore, the following properties were established for doubling measures by Caffarelli [C3]
and Jhaveri-Savin [JS].

Proposition 2.3. [JS, Section 3] There exist constant c > 0 depends only on dimension, and C ≥ 1
depending additionally on the doubling constant of g(x) and g′(y) such that

(1) BC−1 ⊂ ∇ũ(S̃) ⊂ BC

=⇒ C−1h(Sch(u, x0)− x0)
◦ ⊂ ∇(u− l)(Sch(u, x0)) ⊂ Ch(Sch(u, x0)− x0)

◦.

(2) C−1hn ≤ |Sch(u, x0)||∇u(Sch(u, x0))| ≤ Chn.
(3) Scch(u, x0) ∩ Ω ⊂ Sh(x0) ⊂ ScCh(u, x0) ∩ Ω.
(4) SC−1h(v,∇u(x0)) ⊂ ∇u(Sh(u, x0)) ⊂ SCh(v,∇u(x0)).

In [C3, JS], it was also shown that if the measures are doubling, then the centered sections satisfy
the following engulfing property.

Proposition 2.4. [JS, Lemma 3.3] For any pair of constants 0 ≤ t ≤ t ≤ 1, there exists a constant
0 < s ≤ 1 such that

Scsh(u, x
′) ⊂ tSch(u, x)

for all x ∈ Ω and x′ ∈ tSch(u, x)∩Ω. Moreover, the constant s depend only on t, t, n and the doubling
constant of g and g′.
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This engulfing property leads to the following C1,δ estimate [C2, JS]. (see also [SaYu])
Proposition 2.5. Given an optimal transport map ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) with 0 ∈ ∂Ω∩∂Ω′

and u(0) = |∇u|(0) = 0. Assume that it satisfies
(1) g and g′ has doubling constant bounded by K.
(2) Sc1(u, 0) ⊂ BK(0) and Sc1(v, 0) ⊂ BK(0).

Then there exist δ > 0 depending only on K and n such that
‖ū‖C1,δ(BR) + ‖v̄‖C1,δ(BR) ≤ C

for C depending only on n,K, and R.
Proof. The proof follows from [SaYu, Proposition 2.5, Remark 2.1] using Proposition 2.4. □

3. Monotonicity formula

Definition 3.1. Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport map, where g ∈ C1,α(Ω)
(resp. g′ ∈ C1,α(Ω′). We say that g(x) (resp. g′(y)) is weakly sub-homogeneous of degree l, with
constants (C, δ) (resp. degree l) if there are constants C, δ ≥ 0, independent of r, such thatˆ

Dr

x · ∇g(x)dx ≤ (l + Crδ)

ˆ
Dr

g(x)dx

and ˆ
Dr

y · ∇g′(y)dy ≤ (k + Crδ)

ˆ
Dr

g′(y)dy.

By convention, if C = 0 we take δ = 1.
Proposition 3.2. Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport map with where (g(x), g′(y))
are positive, bounded uniformly away from zero, g ∈ C1,α

loc (Ω)∩Cα(Ω), g′ ∈ C1,α
loc (Ω

′)∩Cα(Ω′). Assume
in addition that (g, g′) are weakly sub-homogeneous degree (l, k) with constants (C, δ) in the sense of
Definition 3.1. Assume that Ω,Ω′ are smooth and strictly convex, 0 ∈ Ω ∩ Ω′. Define the quantity

χ(r) = r
− 2(n+l)

1+ n+l
n+k µ(Dr(u, 0)) = r

− 2(n+k)

1+n+k
n+l ν(Dr(v, 0)),

where
µ(Dr(u, 0)) = µ({x · ∇u(x) ≤ r2}) =

ˆ
{x·∇u(x)≤r2}

g(x)dx.

Then there is a constant β = β(n, k, l) such that e−β
δ
Crδχ(r) is monotone non-increasing in r.

Proof. Since Ω,Ω′ are smooth, strictly convex and g, g′ are positive, C1,α regular in the interior and
Cα up to the boundaries, we have that u ∈ C3,α

loc (Ω) ∩ C2,α(Ω) and v ∈ C3,α
loc (Ω

′) ∩ C2,α(Ω′) by
Caffarelli’s regularity theory [C1, C2, C3].

Let f(x) = −1
2
log(g′(∇u(x))g(x)) and define the Laplacian

∆fϕ :=
1√

detD2u e−f
∂i(u

ij
√
detD2u e−f∂jϕ) =

1

g
∂i(u

ijg∂jϕ)

= uijϕij − uikupjuikpϕj + uij
1

g
giϕj.

The main observation is that we have the following formulas:

(3.1)

∆fu = n+
∑
j

1

g′
∂g′

∂yj
uj

∆f (x · ∇u(x)) = 2n+
∑
j

1

g′
∂g′

∂yj
uj +

∑
j

1

g

∂g

∂xj
xj
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Indeed, by differentiating the optimal transport

detD2u =
g

g′(∇u)
with respect to xp, we have

g

g′(∇u)
uikuikp =

1

g′(∇u)
∂g

∂xp
− g

(g′(∇u))2
∂g′

∂ym
ump,

i.e.
uikuikp =

1

g
gp −

1

g′
∂g′

∂ym
ump.

So

∆fu = uijuij − uikupjuikpuj + uij
1

g
giuj

= n− upjuj

(
1

g
gp −

1

g′
∂g′

∂ym
ump

)
+ uij

1

g
giuj

= n− upj
1

g
gpuj +

1

g′
∂g′

∂yj
uj + uij

1

g
giuj

= n+
∑
j

1

g′
∂g′

∂yj
uj.

For each 1 ≤ m ≤ n, we have

∆f (x · ∇u(x)) =
∑
m

∆f (xmum) =
∑
m

xm∆fum + um∆fxm + 2

= 2n+
∑
m

[
xm

(
uijumij − uikujluiklumj + uij

1

g
giumj

)
+ um

(
−uikujluiklδmj + uij

1

g
giδmj

)]
= 2n+

∑
m

[
xm

1

g

∂g

∂xm
+ um

(
−uikumluikl + uim

1

g
gi

)]
= 2n+

∑
m

[
xm

1

g

∂g

∂xm
+ um

(
−uml

(
1

g
gl −

1

g′
∂g′

∂yj
ujl

)
+ uim

1

g
gi

)]
= 2n+

∑
m

1

g′
∂g′

∂yj
um +

∑
m

1

g

∂g

∂xm
xm.

Denote ψ = x · ∇u(x) and consider the function ϕ = γu + ψ for some γ ∈ R>0 to be determined.
For κ > 0, by coarea formula we compute

d

dr

(
r−κ
ˆ
{ψ≤r}∩Ω

g(x) dx

)
= −κr−(κ+1)

ˆ
{ψ≤r}∩Ω

g(x)dx+ r−κ
ˆ
{ψ=r}∩Ω

g(x)

|∇ψ|
dHn−1(x)

By (3.1), we have

∆fϕ = γ∆fu+∆f (x · ∇u(x))

= γ

(
n+

∑
j

1

g′
∂g′

∂yj
uj

)
+ 2n+

∑
j

1

g′
∂g′

∂yj
uj +

∑
j

1

g

∂g

∂xj
xj
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= 2n+ γn+ (1 + γ)k + l + (1 + γ)

(∑
j

1

g′
∂g′

∂yj
uj − k

)
+

(∑
j

1

g

∂g

∂xj
xj − l

)

= λ+ (1 + γ)

(∑
j

1

g′
∂g′

∂yj
uj − k

)
+

(∑
j

1

g

∂g

∂xj
xj − l

)
.

where λ = γ(n+ k) + 2n+ k + l. Then we have

(3.2)

ˆ
{ψ≤r}∩Ω

g(x)dx =
1

λ

ˆ
{ψ≤r}∩Ω

(∆fϕ)g(x)dx−
(1 + γ)

λ

ˆ
{ψ≤r}∩Ω

(∑
j

1

g′
∂g′

∂yj
uj − k

)
g(x)dx

− 1

λ

ˆ
{ψ≤r}∩Ω

(∑
j

1

g

∂g

∂xj
xj − l

)
g(x)dx

≥ 1

λ

ˆ
{ψ≤r}∩Ω

(∆fϕ)g(x)dx− C

[
(1 + γ)

λ
+

1

λ

]
rδ/2
ˆ
{ψ≤r}∩Ω

g(x)dx

=
1

λ

ˆ
{ψ≤r}∩Ω

(∆fϕ) g(x)dx−
(2 + γ)

λ
Crδ/2

ˆ
{ψ≤r}∩Ω

g(x)dx.

where we use the fact that (g, g′) are weakly sub-homogeneous of degree (l, k) with constants C(, δ)
and the optimal transport equation. Precisely, we have
ˆ
{ψ≤r}∩Ω

(∑
j

1

g

∂g

∂xj
xj − l

)
g(x)dx =

ˆ
{ψ≤r}∩Ω

x · ∇g dx− l

ˆ
{ψ≤r}∩Ω

g(x) dx ≤ Crδ/2
ˆ
{ψ≤r}∩Ω

g(x)dx,

ˆ
{ψ≤r}∩Ω

(∑
j

1

g′
∂g′

∂yj
uj − k

)
g(x)dx

y=∇u(x)
=

ˆ
{ψ≤r}∗∩Ω′

(∑
j

1

g′
∂g′

∂yj
yj − k

)
g′(y)dy

≤ Crδ/2
ˆ
{ψ≤r}∗∩Ω′

g′(y)dy = Crδ/2
ˆ
{ψ≤r}∩Ω

g(x)dx.

It remains to analyze the first term. Let ν∂Ω denote the outward pointing normal vector to ∂Ω.
We can now integrate-by-parts to get
(3.3)
1

λ

ˆ
{ψ≤r}∩Ω

(∆fϕ) g(x)dx =
1

λ

ˆ
Ω∩{ψ=r}

〈∇ϕ,∇ψ〉u
g(x)

|∇ψ|
dHn−1(x) +

1

λ

ˆ
∂Ω∩{ψ≤r}

〈∇ϕ, ν∂Ω〉ug(x) dHn−1(x)

Now we compute

〈∇ϕ,∇ψ〉u = γ〈∇u,∇ψ〉u + 〈∇ψ,∇ψ〉u

= γuijui(uj +
∑
m

xmumj) + uij

(
(ui +

∑
p

xpupi)((uj +
∑
m

xmumj)

)
= (1 + γ)uijuiuj + γ

∑
m

xmum + 2
∑
m

xmum +
∑
p,m

xpxmump

= (1 + γ)|∇u|2u + ‖x‖2u + (2 + γ)ψ.

We remark the notion. For vectors V,W , we denote by V ·W the euclidean inner product, and use
|V | for the euclidean norm of V . We use

〈V,W 〉u := V iW juij, |V |2u = 〈V, V 〉u, (V,W )u := V iW juij, ‖V ‖2u := (V, V )u.
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Note that ‖∇gu‖2u = uku
kiulu

ljuij = uklukul = |∇u|2u, (∇gu, x)u = uku
kixjuij = xjuj = x · ∇u = ψ.

We have
〈∇ϕ,∇ψ〉u = (

√
1 + γ∇gu,

√
1 + γ∇gu)u + (x, x)u +

[
(
√

1 + γ + 1)2 − 2
√

1 + γ
]
(∇gu, x)u

= ‖(
√
1 + γ)∇gu− x‖2u + (1 +

√
1 + γ)2ψ.

In total, we have
d

dr

(
r−κ
ˆ
Ω∩{ψ≤r}

g(x)dx

)
= −κr−(κ+1)

ˆ
Ω∩{ψ≤r}

g(x)dx+ r−κ
ˆ
Ω∩{ψ=r}

g(x)

|∇ψ|
dHn−1(x)

≤ −κ
λ
r−(κ+1)

ˆ
Ω∩{ψ=r}

‖(
√
1 + γ)∇gu− x‖2u

g(x)

|∇ψ|
dHn−1(x)

− κ

λ
r−(κ+1)

ˆ
Ω∩{ψ=r}

(
(1 +

√
1 + γ)2 − λ

κ

)
ψ
g(x)

|∇ψ|
dHn−1(x)

− κ

λ
r−(κ+1)

ˆ
∂Ω∩{ψ≤r}

〈∇ϕ, ν∂Ω〉ug(x) dHn−1(x)

+
κ(2 + γ)

λ
r−(κ+1)Crδ/2

ˆ
{ψ≤r}

g(x)dx

Choose κ = κ(γ) so that λ
κ
= (1 +

√
1 + γ)2; that is

κ(γ) =
γ(n+ k) + 2n+ k + l

(1 +
√
1 + γ)2

=

[
(
√
1 + γ)2 − 1

]
(n+ k) + 2n+ k + l

(
√
1 + γ + 1)2

=

√
1 + γ − 1√
1 + γ + 1

(n+ k) +
2n+ k + l

(
√
1 + γ + 1)2

= (2n+ k + l)

(
1√

1 + γ + 1

)2

− 2(n+ k)

(
1√

1 + γ + 1

)
+ n+ k.

and now choose γ = γ∗ > 0 so that κ∗ = κ(γ∗) is minimized. We have

(3.4)
√

1 + γ∗ =
n+ l

n+ k
κ∗ =

(n+ k)(n+ l)

(n+ k) + (n+ l)

For these choices we obtain
(3.5)
d

dr

(
r−κ∗
ˆ
Ω∩{ψ≤r}

gdx

)
≤ −(1 +

√
1 + γ∗)

−2r−(κ∗+1)

(ˆ
Ω∩{ψ=r}

‖(
√
1 + γ∗)∇gu− x‖2u

g(x)

|∇ψ|
dHn−1(x)

)
− (1 +

√
1 + γ∗)

−2r−(κ∗+1)

ˆ
∂Ω∩{ψ≤r}

〈∇ϕ, ν∂Ω〉ug(x) dHn−1(x)

+ (1 +
√
1 + γ∗)

−2(2 + γ∗)Cr
δ
2
−1

(
r−κ∗
ˆ
Ω∩{ψ≤r}

g(x) dx

)
We now analyze the boundary term. We have

〈∇ϕ, ν∂Ω〉u = uij(γ∗ui + ui + xluli)(ν∂Ω)j = (1 + γ∗)uiu
ij(ν∂Ω)j + xj(ν∂Ω)j

Since Ω is convex, and 0 ∈ Ω we have
x · ν∂Ω ≥ 0

with equality if and only if 0 ∈ ∂Ω and Ω is conical near 0. Similarly, we note that uij(ν∂Ω)j(x) is
normal to ∂Ω′ at y = ∇u(x). Thus, since 0 ∈ Ω′, the convexity of Ω′ yields

uiu
ij(ν∂Ω)j(x) ≥ 0
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with equality if and only if 0 ∈ ∂Ω′ and Ω′ is conical near 0. Thus, we obtain
d

dr

(
r−κ∗
ˆ
Ω∩{ψ≤r}

gdx

)
≤ (1 +

√
1 + γ∗)

−2(2 + γ∗)Cr
δ
2
−1

(
r−κ∗
ˆ
Ω∩{ψ≤r}

gdx

)
.

Multiplying exp
(
−2C̃

δ
rδ/2
)

where C̃ = (1 +
√
1 + γ∗)

−2(2 + γ∗)C, we obtain

d

dr

(
e−

2C̃
δ
rδ/2r−κ∗

ˆ
Ω∩{ψ≤r}

gdx

)
≤ 0.

So we can take β = 2(1 +
√
1 + γ∗)

−2(2 + γ∗) where γ∗ as (3.4), to obtain the desired result. □

Remark 3.3. When Ω,Ω′ are C2 and strictly convex, g > 0 on Ω, and g′ > 0 on Ω′, and (g, g′) are
homogeneous of degree (l, k), the proof of Proposition 3.2 yields the desired monotonicity formula,
but the equality case can never occur due to the strict convexity of the boundaries.

Remark 3.4. In the proof of Proposition 3.2, the C2,α boundary regularity of u, v is only needed to
justify the integration by parts formula (3.3). In particular, we observe that C2,α boundary regularity
is only needed near points of ∂(Ω ∩ {ψ ≤ r}).

Theorem 3.5. Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport map with
(i) g ∈ Cα(Ω), Ω ⊂ {g > 0}, and g is homogeneous of degree l.

(ii) g′ ∈ Cα(Ω′), Ω′ ⊂ {g′ > 0}, and g′ is homogeneous of degree k.
Assume 0 ∈ Ω ∩ Ω′ and 0 = u(0) = |∇u|(0). Then the quantity

χ(r) := r
− 2(n+l)

1+ n+l
n+k µ(Dr(u, 0))

is monotone non-increasing in r, where recall

µ(Dr(u, 0)) =

ˆ
{ψ(x)≤r2}

g(x)dx

for ψ(x) := x · ∇u(x). More precisely, for any r2 < r1 we have

χ(r1)− χ(r2) ≤ −2(1 +
n+ l

n+ k
)2
ˆ r1

r2

s−(1+
2(n+l)(n+k)

2n+l+k
)

ˆ
Ω∩{ψ=s}

‖( n+ l

n+ k
)∇gu− x‖2u

g(x)

|∇ψ|
dHn−1(x)ds

where ‖V ‖2u = V iV juij. In particular, χ(r) is constant on [0, r0] if and only if Ω and Ω′ are both
conical about the origin and u is homogeneous of degree 1 + n+l

n+k
in Dr0(u, 0).

We remark for the particular case. χ(r) is constant if and only if

‖( n+ l

n+ k
)∇gu− x‖u = 0 in Ω, 〈∇ϕ, ν∂Ω〉u = 0 on ∂Ω.

Equivalently, Ω and Ω′ are both conical about the origin and

xi = (
n+ l

n+ k
)ukiuk ⇔ xiuil = (

n+ l

n+ k
)ukiukuil = (

n+ l

n+ k
)ul ⇔ (xiui)l − ul =

[
(
n+ l

n+ k
)u

]
l

,

Combing the fact that u(0) = 0, we have

x · ∇u =

[
1 + (

n+ l

n+ k
)

]
u,

which means u is homogeneous of degree 1 + n+l
n+k

.
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Proof. (Approximation argument) Suppose that (u, v) satisfy the assumptions of the theorem. We
may assume that (g(x), g′(y)) are globally defined, non-negative homogeneous functions, and by
assumption Ω ⊂ {g > 0} and Ω′ ⊂ {g′ > 0}. We assume that g, g′ ∈ Cα

loc(Rn). Choose a sequence of
positive, smooth functions (gε(x), g

′
ε(y)), homogeneous of degree (l, k) converging in Cα on compact

sets to (g(x), g′(y)). Define
ĝε(x) = gε(x) + ε

ĝ′ε(y) = g′ε(y) + ε

Fix R ≥ 1 and suppose that u is defined on Ω ∩ B2R (if Ω is compact, choose R � 1 so that
Ω ⊂ BR/2). For a set A, let Bδ(A) denote the δ neighborhood of A. Fix a 1 � δ > 0 and define a
compact set K by

K = B3δ/2(∇u(Ω ∩BR/2))

where δ is chosen small so that
K ∩ Bδ(∇u(Ω ∩ ∂BR)) = ∅.

If Ω is compact, then K = Bδ(Ω′) for δ � 1 � R. We choose a sequence of sets Υε,Υ
′
ε with the

following properties:
(i) Υε,Υ

′
ε are smoothly bounded domains, with 0 ∈ Υε ∩Υε′ .

(ii) Υε is uniformly convex, and as ε→ 0, Υε converges to Ω ∩BR in the Hausdorff sense.
(iii) Υ′

ε ⊃ ∇u(Ω ∩ BR), and as ε→ 0, Υ′
ε converges to ∇u(Ω ∩ BR) in the Hausdorff sense.

(iv) For ε sufficiently small, the portion of ∂Υ′
ε intersecting K is uniformly convex.

(v) The mass balancing condition holds:ˆ
Υε

ĝε(x)dx =

ˆ
Υ′

ε

ĝ′ε(y)dy

Such a sequence can be constructed as follows. If Ω,Ω′ are compact, then we can take Ωε ⊃ Ω
and Ω′

ε ⊃ Ω′ to be smooth, uniformly convex domains such that dH(Ω,Ωε) = dH(Ω
′,Ω′

ε) ≤ ε. Take
Υε = Ωε, and choose Υ′

ε to be a dilation of Ω′
ε such that the mass balancing condition (v) holds.

Since the mass balancing condition holds for ε = 0 it follows that the dilation factors converge to 1,
and hence the Υ′

ε converge to Ω′ in the Hausdorff sense, as desired.
Now suppose that Ω,Ω′ are non-compact convex sets. In this case the construction is complicated

slightly by the fact that ∇u(Ω ∩ BR) may not be convex. First, choose R � 1 so that ∇v(0) ∈
Ω ∩BR/2 and take Ωε,R to be a sequence of smoothly bounded, uniformly convex sets, with Ωε,R ⊃
Ω ∩BR and such that dH(Ωε,R,Ω ∩ BR) ≤ ε in the Hausdorff sense. To construct Υ′

ε we define
A := ConvexHull(∇u(Ω ∩BR))

and let Aε′ ⊃ A be a sequence of smoothly bounded, uniformly convex sets converging to A in the
Hausdorff sense. For ε′ small, we choose Υ′

ε′ ⊃ ∇u(Ω ∩ BR) to be a smoothly bounded domain
agreeing with Aε′ in K, and converging to ∇u(Ω ∩ BR) as ε′ → 0. The construction is depicted in
Figure 1.

Given ε, choose ε′(ε) small so that dH(Υ′
ε′ ,∇u(Ω ∩ BR)) = dH(Ωε,R,Ω ∩ BR). Finally, take Υε to

be a small dilation of Ωε,R in order to enforce the mass balancing.
Given r0 > 0 after, possibly increasing R we may assume that

{x · ∇u(x) < 2r0} ⋐ Ω ∩ BR/2

Let vε be the convex function solving the optimal transport problem

(3.6)
ĝε(∇vε) detD2vε = ĝ′ε(y), in Υ′

ε

∇vε(Υ′
ε) = Υε

The regularity theory for optimal transport yields the following
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Ω′

K

Υε ∇u(Ω ∩ ∂BR)

∇u(Ω ∩ ∂BR/2)

0

Figure 1. A diagrammatic representation of the construction of Υ′
ε, denoted by the

gray region, in the case that Ω,Ω′ are not compact

• By [C1, C2, C3, JS], vε are uniformly bounded in C1,α(Υ′
ε). Furthermore, vε → v locally

uniformly in ∇u(Ω ∩ BR).
• By Caffarelli’s regularity theory [C2, C3], and properties (i), (ii), (iv) of the approximation,

for every fixed ε, vε are C3,α
loc (Υ

′
ε), and C2,α(Υ′

ε ∩ K). Furthermore, since ĝε, and ĝ′ε are
uniformly bounded below, and Cα, vε converge to v in C2,α

loc (Ω ∩ BR/2)

• uε are C3,α
loc (Υε). By (i), (ii), (iv) and by [C2, C3] , uε ∈ C2,α(∇vε(K∩Υ′

ε)). Since vε converges
to v in C1,α(Υ′

ε), for ε sufficiently small we have
{y · ∇vε(y) < r0} ⊂ Bδ({y · ∇v(y) < 2r0}) ⊂ K ∩Υ′

ε

and hence uε ∈ C2,α({x · ∇uε(x) < r0}).
• As ε→ 0, uε converges in C2,α

loc (Ω ∩BR) to u, and vε converges in C2,α
loc (∇u(Ω ∩ BR/2)) to v.

We can now apply the result of Proposition 3.2 with (C, δ) = (0, 1), keeping in mind Remark 3.4.
We conclude that, for any r2 < r1 < r0

r−κ∗1

ˆ
Υε∩{ψε<r1}

ĝε(x)dx− r−κ∗2

ˆ
Υε∩{ψε<r1}

ĝε(x)dx

≤ −(1 +
√

1 + γ∗)
2

ˆ r1

r2

s−(κ∗+1)

ˆ
Υε∩{ψε=s}

|(
√

1 + γ∗)∇uε − x|2uε
ĝε(x)

|∇ψε|
ds dHn−1(x)

where κ∗, γ∗ are given by (3.4), and ψε = x ·∇uε(x). The result now follows from Fatou’s lemma. □
We can also prove an effective version of the monotonicity formula for Hölder continuous densities.
The key is the following lemma, which establishes the weak sub-homogeneity (0, ε) of non-degenerate

Hölder continuous densities at small (but fixed) scales.

Lemma 3.6. Given an optimal transport map ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) where the densities
(g(x), g′(y)) are smooth and satisfy

C−1 ≤ g(x), g′(y) ≤ C

and
[g]α,Ω + [g′]α,Ω′ ≤ C

for some α ∈ (0, 1) and C > 1. Then there exist r0 > 0, B > 0, and ε > 0 depending only on n, α, C
such that we have ˆ

Dr

(x · ∇g)dx ≤ Brε
ˆ
Dr

g(x)dx.
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for all r < r0.
Proof. We write the integral in radial coordinates

(3.7)
ˆ
Dr

(x · ∇g)dx =

ˆ
{x·∇u≤r2}

(x · ∇g) dx = cn

ˆ
t∈Sn−1

ˆ ϕ(t)

0

(s(∇tg)(st))s
n−1 dsdσ(t)

where ϕ(t) is chosen so that (ϕ(t)t) · ∇u(ϕ(t)t) = r2. We can integrate by parts along radial rays to
get rid of the derivative on gˆ ϕ

0

g′(s)snds = g(ϕ)ϕn − n

ˆ ϕ

0

g(s)sn−1ds = n

ˆ ϕ

0

(g(ϕ)− g(s))sn−1ds ≤ Cϕα
ˆ ϕ

0

sn−1ds.

Putting this into equation (3.7), we getˆ
Dr

(x · ∇g)dx ≤ C(diam(Dr))
α

ˆ
Dr

dx.

The constant C controls the doubling constant of (g, g′), hence by the uniform convexity estimate
(Proposition 2.5), we have the fact:

For any x ∈ Ω, denote y = Du(x) = Du(Dv(y)). Proposition 2.5 implies

|x| = |Dv(y)| ≤ C|y|α = C|Du(x)|α ⇒ |u(x)|
|x|

≈ |Du(x)| ≥ C−1|x|
1
α ⇒ |u(x)| ≥ C|x|1+

1
α .

If
r2 ≥ u(x) ≥ C|x|1+

1
α ,

then
|x| ≤ Cr

2

1+ 1
α
=:δ∈(0,1)

.

So we have
Dr(u, 0) ⊂ Sr2(u, 0) ⊂ BCrδ(0)

for some δ > 0.
This implies |g(x) − g(0)| ≤ Crδα, therefore for r < 1

(2C2)
1
δα

, we have g(x) ≥ g(0) − C−1

2
≥ C−1

2
,

and diam(Dr) ≤ Crδ. Hence we haveˆ
Dr

(x · ∇g)dx ≤ Brδα
ˆ
Dr

g(x)dx.

□
Proposition 3.7. Given an optimal transport map ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) where the densi-
ties (g(x), g′(y)) satisfy

C−1 ≤ g(x), g′(y) ≤ C

and
[g]α,Ω + [g′]α,Ω′ ≤ C

for some α ∈ (0, 1) and C > 1. Then there exist A > 1, ε0 > 0, and r0 > 0 depending only on n, α,
and C such that for any x0 ∈ Ω, the quantity

χ(x0, r) = e−Ar
ε0r−n

ˆ
Dr(u,x0)

g(x)dx

is monotone non-increasing in r for r ∈ (0, r0].
Proof of Proposition 3.7. If (g, g′) are smooth and (Ω,Ω′) have smooth boundaries, then this follows
from combining Lemma 3.6 and Proposition 3.2. For the general case, we can approximate (Ω,Ω′)
by smooth domains, and (g, g′) by smooth densities, and apply the same approximation argument
as in the proof of Theorem 3.5. □
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4. Homogeneity of Blow-ups

In this section, we use the monotonicity formula to show that the blow-ups of optimal trans-
port maps are always homogeneous. We will treat two cases, the first when the densities are non-
degenerate and Hölder continuous, and the second case when the densities are homogeneous.

First let us define what a blow-up is.

Definition 4.1. ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport map with 0 ∈ Ω ∩ Ω′ such
that u(0) = |∇u|(0) = 0. We call an optimal transport map

((Ω∞, g∞(x)dx), (Ω′
∞, g

′
∞(y)dy), u∞, v∞)

a blow-up of ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) at 0 ∈ Ω along scales hi → 0, if there is R > 1 and a
sequence of positive symmetric matrices Ahi satisfying

BR−1(0) ⊂ Ahi(S
c
hi
(u, 0)) ⊂ BR(0)

and a sequence of positive constants ci > 0, such that the sequence of rescaled optimal transport maps
((Ωi, gi(x)dx), (Ω

′
i, g

′
i(y)dy), ui, vi) given by

Ωi := Ahi(Ω), Ω′
i := h−1

i A−1
hi
(Ω′),

gi(x) := cig(A
−1
hi
x), g′i(y) := cih

n
i (detAhi)

2g′(hiAhiy),

ui(x) :=
u(A−1

hi
x)

hi
, vi(y) :=

v(hiAhiy)

hi
,

converges to ((Ω∞, g∞(x)dx), (Ω′
∞, g

′
∞(y)dy), u∞, v∞) in the following sense

(1) (Ωi,Ω
′
i) → (Ω∞,Ω

′
∞) in the locally Hausdorff sense.

(2) (gi(x)dx, g
′
i(y)dy) → (g∞(x)dx, g′∞(y)dy) in the weak sense of measures.

(3) The minimal convex extensions (ūi, v̄i) converges to the minimal convex extensions (ū∞, v̄∞)
in C1,α

loc (Rn).

4.1. With Hölder continuous density. In this section, we prove the existence and homogeneity
of blow-ups when (g(x), g′(y)) are non-degenerate and Hölder continuous.

We first prove a uniform density estimate when (g(x), g′(y)) are non-degenerate and Hölder contin-
uous on general convex domains. This estimate improves upon the previously known uniform density
estimates ([C3, Section 3], [CLW, Section 2]), which required additional regularity assumptions on
the boundary of ∂Ω.

Lemma 4.2 (Uniform density). Given an optimal transport map ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v)
where the densities (g(x), g′(y)) satisfy

C−1 ≤ g(x), g′(y) ≤ C

and
[g]α,Ω + [g′]α,Ω′ ≤ C

for some α ∈ (0, 1) and C > 1. Then for any x0 ∈ Ω and 0 < h ≤ 1, we have
|Sh(u, x0)|

h
n
2

≥ c|S1(u, 0)|

for c > 0 depending only on n, α and C.

Proof. By Proposition 3.7, there exist A, h0 and ε0 depending on C such that for any 0 < h < h0,
we have

h−
n
2 µ(D

h
1
2
(u, 0)) ≥ χ(0, h1/2) ≥ χ(0, h

1/2
0 ) = e−Ah

ε0
2

0 h
−n

2
0 µ(D

h
1
2
0

(u, 0)).
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Hence

|Sh(u, 0)| ≥ |D
h

1
2
(u, 0)| ≥ C−1

ˆ
D

h1/2

g(x)dx = cµ(D
h

1
2
(u, 0))

≥ ce−Ah
ε0
2

0 h
−n

2
0 µ(D

h
1
2
0

(u, 0))h
n
2 ≥ ch

n
2 |D

h
1
2
0

(u, 0)|

≥ ch
n
2 |Sh0(u, 0)| ≥ ch

n
2 |S1(u, 0)|.

□

Theorem 4.3 (Homogeneity of blow-ups). Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal trans-
port map with 0 ∈ Ω ∩ Ω′, and suppose g(x), g′(y) are positive and Hölder continuous on Ω,Ω′

respectively. Then for any sequence of scales hi → 0, there is a subsequence along which a blow-up
exists and is of the form ((C, cdx), (C′, c′dy), u∞, v∞) for some constants c, c′ > 0. Moreover, (C, C′)
are cones about the origin and (u∞, v∞) are homogeneous of degree 2.

Proof. By Lemma 4.2, we know that,

|Sh(u, 0)| ≥ ch
n
2 , |Sh(v, 0)| ≥ ch

n
2 .

Since the (g(x), g′(y)) are both doubling measures, Proposition 2.3(2)(3)(4) also implies

|Sh(u, 0)||Sh(v, 0)| ≤ Chn,

and hence we have
|Sch(u, 0)| ∼ |Sch(v, 0)| ∼ |Sh(u, 0)| ∼ |Sh(v, 0)| ∼ h

n
2 .

Hence without loss of generality, we can assume the normalizing matrices are given by Ah = h−
1
2Mh

with detMh = 1. It follows that for any R > 1, the rescaled domains Ωi ∩ BR(0) = Ahi(Ω) ∩ BR(0)

have a uniform lower bound (h−n/20 |Ω|) on its volume, and therefore we can extract a subsequence
for which the convex domains (Ωi,Ω

′
i) converges to convex domains (C, C′) locally in the Hausdorff

sense, and moreover (C, C′) have non-empty interior. The rescaled potentials

ui(x) :=
u(h

1
2
i M

−1
hi
x)

hi
, vi(y) =

v(h
1
2
i Mhiy)

hi
,

satisfy
(∇ui)♯(g(h

1
2
i M

−1
hi
x)dx) = g′(h

1
2
i Mhiy)dy.

Moreover by Proposition 2.5, we have ‖Mh‖ + ‖M−1
h ‖ ≤ h−

1
2
+δ for some δ > 0, and hence by the

continuity of g(x) and g′(y), we know that

gi(x) := g(h
1
2
i M

−1
hi
x) → g(0)

and
g′i(y) := g′(h

1
2
i Mhiy) → g′(0)

as hi → 0. Therefore after passing to a subsequence, we set 0 < c := g(0) and 0 < c′ := g′(0), then
it follows by Proposition 2.5 that a subsequence of (ūi, v̄i) converges in C1,α

loc to a limiting function
(ū∞, v̄∞), which gives an optimal transport map ((C, cdx), (C′, c′dy), u∞, v∞).

Moreover, we have

lim
i→∞

(
h
− 1

2
i r
)−n ˆ

D
h
1
2
i

r

(u,0)

g(x)dx
z=h

−1/2
i x
= lim

i→∞
r−n
ˆ
Dr(ui,0)

gi(x)dx = g(0)r−n
ˆ
Dr(u∞,0)

dx
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hence the volume ratio ϕ∞(r) = r−n|Dr(u∞, 0)| of this blow-up is constant, i.e.

χ(0, r) = r
− 2(n+0)

1+n+0
n+0 µ(Dr(u∞, 0)) = r−n

ˆ
Dr(u∞,0)

g(0) dx

= g(0)r−n|Dr(u∞, 0)| = c since |Dr(u∞,0)| ∼ rn

(= lim
r→0

g(0)−1e−Ar
ε0r−nµ(Dr(u, 0)) > 0.)

It follows from rigidity case of the monotonicity formula (Theorem 3.5) that (C, C′) are cones and
(u∞, v∞) are homogeneous of degree 2 = 1 + n+0

n+0
. □

Remark 4.4. We note that if ((C, cdx), (C′, c′dy), u∞, v∞) is a blow-up of the optimal transport map
((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) at 0 ∈ ∂Ω, it is not necessarily the case that the cones C and C′

are affine equivalent to the tangent cones of Ω and Ω′ at 0. This is because the sequence of affine
transformations Ah may degenerate and change the shape of the convex sets in the limit. However,
this is true if the sections of u are “round” (see Definition 4.5).

Definition 4.5. Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport map with homogeneous
densities (g(x), g′(y)) of degree (l, k). Suppose 0 ∈ ∂Ω∩∂Ω′ and 0 = u(0) = |∇u|(0). We say that the
sections of (u, v) at 0 are round if there is a constant C > 1 and h0 > 0 such that for all 0 < h < h0,
we have

B
C−1h

1

1+ n+l
n+k

(0) ⊂ Sch(u, 0) ⊂ B
Ch

1

1+ n+l
n+k

(0)

and
B
C−1h

1

1+n+k
n+l

(0) ⊂ Sch(v, 0) ⊂ B
Ch

1

1+n+k
n+l

(0).

4.2. With homogeneous density. In this section, we consider the case where g(x) and g′(y) are
homogeneous of degree l and k respectively.

Theorem 4.6 (Homogeneity of blow-ups). Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal trans-
port map with Cα densities (g(x), g′(y)) which are homogeneous of degree (l, k) for k, l ≥ 0. Suppose
that the sections Sch(u, 0) satisfy

B
C−1h

1

1+ n+l
n+k

(0) ⊂ Sch(u, 0) ⊂ B
Ch

1

1+ n+l
n+k

(0).

Then for any sequence of scales hi → 0, there exists a subsequence along which a blow-up exists, and
is of the form ((C, g(x)dx), (C′, g′(y)dy), u∞, v∞). Moreover (C, C′) are the tangent cones of (Ω,Ω′) at
0, and (u∞, v∞) are homogeneous of degree 1 + n+l

n+k
and 1 + n+k

n+l
respectively.

Proof. By the assumption on the roundeness of the section we can take Ah = h
− 1

1+ n+l
n+k Id when

normalizing Sch(u, 0). The rescaled functions are given by

ui(x) =
u(h

1

1+ n+l
n+k

i x)

hi
, vi(y) =

v(h

1

1+n+k
n+l

i y)

hi
,

and it follows that ((h
− 1

1+ n+l
n+k

i Ω, g(x)dx), (h
− 1

1+n+k
n+l

i Ω′, g′(y)dy), ui, vi) are a sequence of optimal trans-

port maps. By our rescaling, we have (h
− 1

1+ n+l
n+k

i Ω, h
− 1

1+n+k
n+l

i Ω′) → (C, C′) where (C, C′) is the tangent
cone of (Ω,Ω′) at 0. By Proposition 2.5, after taking a subsequence, (ūi, v̄i) will converge to some
limiting optimal tranpsort map (ū∞, v̄∞) in C1,α

loc .
Moreover, the equality in the monotonicity formula is achieved for the limit, which implies that

(u∞, v∞) are homogeneous of degree 1 + n+l
n+k

and 1 + n+k
n+l

respectively. □
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Remark 4.7. Notice that the existence of a homogeneous density breaks the affine invariance of the
problem, which is why we need the additional assumption on the shape of the sections to extract a
homogeneous blow-up.

5. Global regularity for Hölder continuous densities

5.1. C1,1−ε and W 2,p regularity. In this section, we prove that an optimal transport map between
convex domains equipped with non-degenerate Hölder continuous densities is globally C1,1−ε for any
ε > 0 and W 2,p for any p > 1. This result is optimal, as C1,1-regularity does not always hold without
any additional regularity assumption on the boundary. The case when n = 2 and g = g′ = 1 was
previously proved by Savin-Yu [SaYu].

Proposition 5.1. Suppose ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) is an optimal transport map with 0 ∈ Ω,
and assume g(x), g′(y) are positive and Hölder continuous in Ω,Ω′ respectively. Then for any ε > 0,
there exist h0 > 0 such that for all 0 < h < h0, we have

(1− ε)

(
1

2

) 1
2

Sch(u, 0) ⊆ Sch
2

(u, 0) ⊆ (1 + ε)

(
1

2

) 1
2

Sch(u, 0).

Proof. Since the two inclusion follows from exactly the same argument, we will only prove the second
inclusion. Suppose it is not true, then there exist sequence hi → 0 such that

Schi
2

(u, 0) ⊈ (1 + ε)(
1

2
)
1
2Schi(u, 0).

It follows that
Ahi(S

c
hi
2

(u, 0)) ⊈ (1 + ε)(
1

2
)
1
2Ahi(S

c
hi
(u, 0)).

But by Theorem 4.3, we know that after taking a subsequence we can extract a homogeneous blow-up
limit ((C, cdx), (C′, c′dy), u∞, v∞), hence we have the convergence of centered sections

Ahi(S
c
hi
2

(u, 0)) = {Ahix ∈ Ω : u(x) ≤ u(0) + p · x+ hi
2
}

= {y ∈ Ω : u(A−1
hi
y) ≤ u(0) + p · A−1

hi
y +

hi
2
}

= {y ∈ Ω : ui(y) ≤ ui(0) + p̃ · y + 1

2
} → Sc1

2
(u∞, 0).

and Ahi(S
c
hi
(u, 0)) → Sc1(u∞, 0) similarly, which implies

Sc1
2
(u∞, 0) ⊈ (1 +

ε

2
)(
1

2
)
1
2Sc1(u∞, 0).

But this is a contradiction because u∞ is homogeneous of degree 2 and hence

Sc1
2
(u∞, 0) =

{
x ∈ Ω : u∞(x) < u∞(0) + p · x+ 1

2

}
= {x ∈ Ω : 2u∞(x) < 2u∞(0) + 2p · x+ 1}

=
{
x ∈ Ω : u∞(

√
2x) < u∞(0) + p̃ ·

√
2x+ 1

}
=

1√
2
Sc1(u∞, 0).

□
Corollary 5.2. Given any optimal transport map ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) with 0 ∈ Ω and
g(x), g′(y) are positive and Hölder continuous in Ω,Ω′. Then for any ε > 0, there exist h0 > 0
depending on n, ε, and ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) such that for all 0 < h < h0, we have

h
1
2
+εSc1(u, 0) ⊂ Sch(u, 0) ⊂ h

1
2
−εSc1(u, 0).
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Proof. This follows by iteratively applying Proposition 5.1 to u for ε small enough. We outline the
proof here.

For convenience, we denote Sh := Sch(u, 0). We only consider h = 2−m. By Proposition 5.1, we
have

Sh ⊂
1 + ε√

2
S2−m+1 ⊂ · · · ⊂

(
1 + ε√

2

)m
S1 = (1 + ε)mh1/2S1,

Sh ⊃
1− ε√

2
S2−m+1 ⊃ · · · ⊃

(
1− ε√

2

)m
S1 = (1− ε)mh1/2S1.

Now we take
δ = min

{
2ε − 1, 1− 2−ε

}
,

and repalce ε by δ to obtain

h1/2+εS1 ⊂ 2−mεh1/2S1 ⊂ (1− δ)mh1/2S1 ⊂ Sh ⊂ (1 + ε)mh1/2S1 ⊂ 2mεh1/2S1 = h1/2−εS1.

□

Now we make this bound effective.

Proposition 5.3. Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport map where the densities
(g(x), g′(y)) satisfy

C−1 ≤ g(x), g′(y) ≤ C

and
[g]α,Ω + [g′]α,Ω′ ≤ C

for some α ∈ (0, 1) and C > 1. Suppose 0 ∈ Ω ∩ Ω′, and 0 = u(0) = |∇u|(0), and there exist R > 1
such that
(5.1) BR−1(0) ⊂ Sc1(u, 0) ⊂ BR(0).

Then for any ε > 0, there exist 0 < h0 <
1
2

depending only on n, α, C, ε, and R such that we have

h
1
2
+εSc1(u, 0) ⊂ Sch(u, 0) ⊂ h

1
2
−εSc1(u, 0)

for some h ∈ [h0,
1
2
].

Proof. Suppose it is not true, then there exists a sequence ((Ωi, gi(x)dx), (Ω
′
i, g

′
i(y)dy), ui, vi) satisfying

the stated bounds such that given any h ∈ (0, 1
2
], for i sufficiently large, we have either

h
1
2
+εSc1(ui, 0) ⊈ Sch(ui, 0) or Sch(ui, 0) ⊈ h

1
2
−εSc1(ui, 0).

However, this sequence of optimal transport maps is compact. Indeed by Lemma 4.2, (Ωi,Ω
′
i) con-

verges up to a subsequence in the locally Hausdorff sense to some (Ω∞,Ω
′
∞). By the Hölder bounds,

the densities (gi(x), g
′
i(y)) converges in Cα′ for any 0 < α′ < α to (g∞(x), g′∞(y)), which is positive

and Hölder continuous.
Moreover, by Proposition 2.5 the potentials (ui, vi) converge in C1,γ

loc to a limiting potential (u∞, v∞),
which gives an optimal transport map ((Ω∞, g∞(x)dx), (Ω′

∞, g
′
∞(y)dy), u∞, v∞). It follows from Corol-

lary 5.2 that for some 0 < ε′ < ε, there exist some 0 < h < 1
2

for which

h
1
2
+ε′Sc1(u∞, 0) ⊂ Sch(u∞, 0) ⊂ h

1
2
−ε′Sc1(u∞, 0).

But this contradicts our assumption since we have
Sch(ui, 0) → Sch(u∞, 0) Sc1(ui, 0) → Sc1(u∞, 0).

□
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Proposition 5.4. Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport map where the densities
(g(x), g′(y)) satisfy

C−1 ≤ g(x), g′(y) ≤ C

and
[g]α,Ω + [g′]α,Ω′ ≤ C

for some α ∈ (0, 1) and C > 1. Suppose 0 ∈ Ω ∩ Ω′, and 0 = u(0) = |∇u|(0), and there exist R > 1
such that
(5.2) BR−1(0) ⊂ Sc1(u, 0) ⊂ BR(0).

Then for any ε > 0, there exist M > 1 depending only on n, α, C, and R such that

M−1h
1
2
+εSc1(u, 0) ⊂ Sch(u, 0) ⊂Mh

1
2
−εSc1(u, 0)

for all h ≤ 1.

Proof. By the uniform density estimate (Lemma 4.2), for any sequence hi → 0 and a sequence
of normalization matrix Ahi = h

1
2
i Mhi with detMhi = 1, the rescaled optimal transport maps

((Ωi, gi(x)dx), (Ω
′
i, g

′
i(y)dy), ui, vi) with gi(x) = g(h

1
2
i M

−1
hi
x), g′i(y) = g′(h

1
2
i Mhiy) satisfy the hy-

pothesis of Proposition 5.3 uniformly for some new constants α,C,R. Therefore, we can iterate
Proposition 5.3 to get the result. □

From this, we immediately obtain the global C1,1−ε regularity of optimal transport maps.

Theorem 5.5 (Global C1,1−ε regularity). Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport
map where the densities (g(x), g′(y)) satisfy

C−1 ≤ g(x), g′(y) ≤ C

and
[g]α,Ω + [g′]α,Ω′ ≤ C

for some α ∈ (0, 1) and C > 1. Then for any ε > 0, we have u ∈ C1,1−ε(Ω) and v ∈ C1,1−ε(Ω′) and
moreover, we have the estimate

‖∇u‖C1−ε(Ω) + ‖∇v‖C1−ε(Ω′) ≤M

where M depends only on n, α, C, ε, and the inner and outer radius of Ω and Ω′.

Proof. Since the inner and outer radius is controlled, let us denote them by r and R, so we have
Ω,Ω′ ⊂ BR(0) and Br(x0) ⊂ Ω. Then from the outer radius bound for Ω′, we know that |∇u| ≤ R.
Moreover, the inner radius bound implies that for some h0 > R2 ≥ oscΩu, we have Sh0(u, x) ⊃ Br(x0)
for all x ∈ Ω, which implies

|Sh0(u, x)| ≥ crn > 0.

Therefore by Proposition 5.4, we have ‖∇u‖Cα(Ω) ≤ C. The same argument applies to v. □

The argument of [CLW, Theorem 1.2], [SaYu, Theorem 1.1] can be applied to also give W 2,p-
estimates.

Theorem 5.6 (Global W 2,p regularity). Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport
map where the densities (g(x), g′(y)) satisfy

C−1 ≤ g(x), g′(y) ≤ C

and
[g]α,Ω + [g′]α,Ω′ ≤ C
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for some α ∈ (0, 1) and C > 1. Then for any p > 1, u ∈ W 2,p(Ω) and v ∈ W 2,p(Ω′), and moreover,
we have the estimate

‖∇u‖W 1,p(Ω) + ‖∇v‖W 1,p(Ω′) ≤M

where M depends only on n, α, C, p, and the inner and outer radius of Ω and Ω′.

Proof. This follows from the argument of [SaYu, Theorem 1.1] using Proposition 5.4. □

5.2. C2,α-regularity for domains with C1,α-boundary. In this section, we show that if Ω,Ω′

have C1,β-boundary, and g(x), g′(y) are Cα, then in fact the solution to optimal transport problem is
C2,min(α,β). This is sharp, and improves previous results of Caffarelli [C3] and Chen-Liu-Wang [CLW],
which required the domains to have C1,1-boundary.

First, we prove a lemma which says that if the boundary is C1,α, then any blow-up has to live on
a half-space.

Lemma 5.7. Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport map where the densities
g(x), g′(y) are positive and Hölder continuous in Ω,Ω′ respectively. Suppose 0 ∈ ∂Ω ∩ ∂Ω′ with
u(0) = |∇u|(0) = 0, Ω ⊂ {xn ≥ 0} and locally near 0,

Ω ∩ B1 = {(x′, xn) ∈ Rn−1 × R : xn ≥ ϕ(x′)} ∩ B1

where ϕ : Bn−1
1 → R is convex and for all x′ ∈ Bn−1

1 , we have
0 ≤ ϕ(x′) ≤ C|x′|1+α.

Given hi → 0, let Ahi be the sequence of normalizing matrices for Schi(u, 0), then for any R > 1, one
has

lim
hi→0

|AhiΩ ∩BR|
|BR|

→ 1

2
.

In particular, the domains AhiΩ and Ahi{xn > 0} both converge to some half-space H.

Proof. Without loss of generality, we can assume Ah = h−
1
2Mh with detMh = 1 and from Proposi-

tion 5.4 we also have ‖Mh‖ � h−ε for any ε > 0. Therefore, we have

AhΩ =Mh{xn ≥ h−
1
2ϕ(h

1
2x′)}

and we have
|AhΩ ∩ BR| = |{xn ≥ h−

1
2ϕ(h

1
2x′)} ∩M−1

h BR| ≥ |{xn ≥ Ch
α
2 |x′|1+α} ∩M−1

h BR|.
We can bound |AhΩ ∩BR| as follows

1

2
|BR| ≥ |AhΩ ∩ BR|

≥ |{xn ≥ Ch
α
2 |x′|1+α} ∩M−1

h BR|
= |{xn ≥ 0} ∩M−1

h BR| − |{0 ≤ xn ≤ Ch
α
2 |x′|1+α} ∩M−1

h BR|

≥ 1

2
|BR| − |{0 ≤ xn ≤ Ch

α
2 |x′|1+α} ∩ Bh−εR|

≥ 1

2
|BR| − Ch

α
2

ˆ
Bn−1

h−εR

|x′|1+αdx′

≥ 1

2
|BR| − C(n, α,R)h

α
2
−ε(n+α)

where from third line to fourth line, we used ‖Mh‖ � h−ε. It follows that if ε is sufficiently small,
then as h→ 0, we have

|AhΩ ∩BR| →
1

2
|BR|.
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It’s clear the Ahi{xn ≥ 0} must converge to some half-space H, and by the volume bound, the AhiΩ
is then a subset of H, but has the same volume, therefore it must also be all of H as well. □
Lemma 5.8 (Obliqueness). Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport map where
the densities g(x), g′(y) are positive and Hölder continuous in Ω,Ω′ respectively. Suppose u(0) =
|∇u|(0) = 0, and the domains Ω and Ω′ are C1,α at 0 for some α > 0. If lΩ, lΩ′ are the defining
functions for the supporting hyperplane of Ω and Ω′ at 0, then we have

lΩ · lΩ′ > 0.

Proof. Suppose this is not true, then lΩ · lΩ′ = 0. Then we consider a blow up of
((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) at 0 along some subsequence hi → 0. From Lemma 5.7, we know
that

AhiΩ → H

hiA
−1
hi
Ω′ → H ′

where H,H ′ are half-spaces defined by defining functions lH and lH′ so that H = {x ∈ Rn : lH(x) ≥ 0}
and H ′ = {y ∈ Rn : lH′(y) ≥ 0}, and

lim
hi→0

lΩ ◦ A−1
hi

|lΩ ◦ A−1
hi
|
=

lH
|lH |

and
lim
hi→0

lΩ′ ◦ Ahi
|lΩ′ ◦ Ahi |

=
lH′

|lH′ |
.

Moreover, since the blow-up is a homogeneous optimal transport map from (H, cdx) to (H ′, c′dy),
we know that

lH · lH′ > 0.

However, we also have
lH · lH′

|lH ||lH′ |
= lim

hi→0

lΩ ◦ A−1
hi

· lΩ′ ◦ Ahi
|lΩ ◦ A−1

hi
||lΩ′ ◦ Ahi |

= 0

which is a contradiction. □
Once the obliqueness is established, the arguments of Chen-Liu-Wang [CLW, Section 6] can be

applied to give C2,α-estimates.

Theorem 5.9. Suppose ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) is an optimal transport map where the den-
sities (g(x), g′(y)) satisfy

C−1 ≤ g(x), g′(y) ≤ C

and
[g]α,Ω + [g′]α,Ω′ ≤ C

for some α ∈ (0, 1) and C > 1. Suppose in addition Ω,Ω′ have C1,β-boundary for some β ∈ (0, 1).
Then u ∈ C2,γ(Ω) and v ∈ C2,γ(Ω′) for γ = min(α, β) and

‖∇u‖C1,γ(Ω) + ‖∇v‖C1,γ(Ω′) ≤M

for M that depends only on n, α, β, C, and the domains Ω,Ω′.

Proof. Once we have Lemma 5.8, we can follow the proof from [CLW, Section 6] with minor modifi-
cations. We’ll explain the main modification: since ∂Ω, ∂Ω′ are only C1,β, Lemma 6.2 of [CLW] only
holds under the additional assumption δ < β

2
. Looking through the proof of [CLW, Lemma 6.2], we

see that if we only have C1,β-boundary, then we only have ah ≤ h
1+β
2

−ε (instead of ah ≤ h1−ε) and

0 ≤ Dnu ≤ C1h
1+β
2

−ε.
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Therefore, for the lower barrier, we must use

w̌ := (1 + hδ)
1
nw − (1 + hδ)

1
nh+ h+ C1(xn − Ch

1
2
−ε)h

1+β
2

−ε,

and the rest of the proof of [CLW, Lemma 6.2] holds assuming δ < β
2
. The rest of the arguments

follow exactly as in [CLW, Section 6]. □

6. Roundness of sections

In this section we are interested in the studying the shapes of sections, which can be regarded as
a weak form of C1,1 regularity. We make the following definition.

Definition 6.1. Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal transport map with homogeneous
densities (g(x), g′(y)) of degree (l, k). Suppose 0 ∈ ∂Ω∩∂Ω′ and 0 = u(0) = |∇u|(0). We say that the
sections of (u, v) at 0 are round if there is a constant C > 1 and h0 > 0 such that for all 0 < h < h0,
we have

B
C−1h

1

1+ n+l
n+k

(0) ⊂ Sch(u, 0) ⊂ B
Ch

1

1+ n+l
n+k

(0)

and
B
C−1h

1

1+n+k
n+l

(0) ⊂ Sch(v, 0) ⊂ B
Ch

1

1+n+k
n+l

(0).

If the sections of u at 0 are round, and ((C, dµ), (C′, dν), u∞, v∞) is a blow-up of u about 0, then it
is clear that (C, C′) is affine equivalent to the tangent cone of (Ω,Ω′) about 0. Thus, the roundness
of sections is related to the existence of homogeneous optimal transport maps between the tangent
cones of (Ω,Ω′). Using this idea, we first prove a negative result saying that roundness does not hold
if homogeneous optimal transport maps between tangent cones do not exist.

Theorem 6.2. Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal tranport map with homogeneous
densities (g(x), g′(y)) of degree (l, k), such that 0 ∈ ∂Ω ∩ ∂Ω′ and u(0) = |∇u|(0) = 0. Let (C, C′) be
the tangent cones of (Ω,Ω′) at 0. If there is no homogenous optimal transport map from (C, g(x)dx)
to (C′, g′(y)dy), then the centered sections of (u, v) are not round at 0.

Proof. Suppose that the centered sections are round, then Ah = h
− 1

1+ n+l
n+k Id is a family of normal-

ization matrices for Sch(u, 0), and by Theorem 4.6 the blow-up at 0 exists and must be homogeneous
optimal transport map from (C, g(x)dx) to (C′, g′(y)dy). But this contradicts our hypothesis that no
such homogeneous map exist. □

A very natural question is then the following.

Question 6.3. Suppose there exists a homogenous optimal transport map between C and C′. Are the
sections of u necessarily round at 0?

We will address this question in subsequent sections.

6.1. Strongly oblique case. Let (C, C′) be the tangent cone of (Ω,Ω′) at 0 respectively, in this
section, we prove a theorem that guarantees the roundness of sections under a strong obliqueness
condition on the geometry of (C, C′).

Theorem 6.4. Let ((Ω, g(x)dx), (Ω′, g′(y)dy), u, v) be an optimal tranport map with homogeneous
densities (g(x), g′(y)) of degree (l, k), such that 0 ∈ ∂Ω ∩ ∂Ω′ and u(0) = |∇u|(0) = 0. Let (C, C′)
be the tangent cones of (Ω,Ω′) at 0. If C′ \ {0} ⊂ int(C◦), then the centered sections of (u, v) are
round at 0. In particular, all blow-ups are affine equivalent to a homogenous optimal transport map
between C and C′.
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Proof. First we show the (non-centered) sections Sh(u, 0) and Sh(v, 0) are round. More precisely,
we claim there exist C > 1 depending on the cones (C, C′) such that for all h < 1, there exist
r(h), r′(h) > 0 such that

BC−1r(h) ∩ Ω ⊂ Sh(u, 0) ⊂ BCr(h) ∩ Ω

and
BC−1r′(h) ∩ Ω′ ⊂ Sh(v, 0) ⊂ BCr′(h) ∩ Ω′.

To see this, we first use the geometric condition C′ \ {0} ⊂ int(C◦), i.e. for any 0 6= y ∈ C′, x · y > 0
for any x ∈ C, then the map

y 7→ inf
x∈C,|x|=1

x · y

is continuous and positive. Since C′ is compact, there exists δ > 0 such that

inf
y∈C′,|y|=1

(
inf

x∈C,|x|=1
x · y

)
≥ δ,

which implies there exist δ > 0 such that for all x ∈ Ω and y ∈ Ω′,
x · y ≥ δ|x||y|.

Now fix x0 so that u(x0) = h, then by the convexity of u, we have
u(x) ≥ u(x0) +∇u(x0) · (x− x0) ≥ h+ δ|∇u(x0)||x| − |∇u(x0)||x0|

which implies that
Sh(u, 0) ⊂ {δ|∇u(x0)||x| − |∇u(x0)||x0| ≤ 0} ∩ Ω = Bδ−1|x0|(0) ∩ Ω.

From this we see that if x0, x1 are two points in ∂Sh(u, 0) ∩ Ω, then |x1| ≤ δ−1|x0|, and the claim
follows.

Next we show that the centered sections Sch(u, 0) and Sch(v, 0) are round as well. We note that
BC−1r(h) ∩ Ω ⊂ Sh(u, 0) ⊂ BCr(h) ∩ Ω implies that |Sh(u, 0)| ∼ r(h)n and |Sh(v, 0)| ∼ r′(h)n, and
hence for all h sufficiently small, Proposition 2.3 gives

r(h)nr′(h)n ∼ |Sh(u, 0)||Sh(v, 0)| ≤ |ScCh(u, 0)||∇u(ScCh(u, 0))| ∼ hn

which implies
r′(h)r(h) ≲ h.

Moreover, we also have

r(h)n+l ≲
ˆ
BC−1r(h)

g(x)dx ≤
ˆ
Sh(u,0)

g(x)dx ≤
ˆ
BCr(h)

g(x)dx ≲ r(h)n+l

and
r′(h)n+k ≲

ˆ
BC−1r′(h)

g′(y)dy ≤
ˆ
Sh(v,0)

g′(y)dy ≤
ˆ
BCr′(h)

g′(y)dy ≲ r′(h)n+k,

hence by the monotonicity formula (Theorem 3.5), we have

r(h)n+l ∼
ˆ
Sh(u,0)

g(x)dx ≥
ˆ
D

h
1
2
(u,0)

g(x)dx ≳ h
n+l

1+ n+l
n+k

and
r′(h)n+k ∼

ˆ
Sh(v,0)

g′(y)dy ≥
ˆ
D

h
1
2
(v,0)

g′(y)dy ≳ h
n+k

1+n+k
n+l ,

which implies

r(h)r′(h) ≳ h
1

1+ n+l
n+k

+ 1

1+n+k
n+l = h.
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Hence we have r(h) ∼ h
1

1+ n+l
n+k and r′(h) ∼ h

1

1+n+k
n+l . This implies |Sh(u, 0)||Sh(v, 0)| ∼ hn, which

implies by Proposition 2.3 that there is a uniform density bound
|Sch(u, 0) ∩ Ω|
|Sch(u, 0)|

,
|Sch(v, 0) ∩ Ω′|

|Sch(v, 0)|
≥ δ > 0.

If we let l1(h), . . . , ln(h) denote the lengths of the principle axis of the John ellipsoid of Sch(u, 0), then
since Bcr(h)(x

′) ⊂ SC−1h(u, 0) ⊂ Sch(u, 0), we have that
li(h) ≳ r(h) for all i = 1, 2, . . . , n.

Moreover the uniform density bound implies that
n∏
i=1

li(h) ∼ |Sch(u, 0)| ∼ |Sh(u, 0)| ∼ r(h)n.

Altogether, we see that li(h) ∼ r(h) for all i = 1, . . . , n, which implies that the centered sections of
u are round. The same argument applied to v implies that the centered sections of v are round as
well. □

6.2. 2D domains with Lebesgue measure. In this section, we focus on the case when n = 2.
For simplicity, we also focus on the situation g = g′ = 1. In particular, we’ll give a complete answer
to Question 6.3 when (Ω,Ω′) are planar polytopes.

In this case, we have the following observation.

Proposition 6.5. The only quadratic solutions to detD2u = 1 on any cone C ⊂ R2 are given by
restrictions of a positive definite quadratic polynomial.

Proof. Suppose that u : C → R, (x, y) 7→ u(x, y) is such a solution, then without loss of generality,
we can assume that the cone C lies in the upper half space {y ≥ 0}. If we set f(t) :=

√
u(t, 1), then

u(x, y) = u

(
y · x

y
, y · 1

)
= y2u

(
x

y
, 1

)
= y2f

(
x

y

)2

.

We write t = x
y
, we have

1 = detD2u

= det

(
2f ′(t)2 + 2f(t)f ′′(t) 2f(t)f ′(t)− 2tf ′(t)2 − 2tf(t)f ′′(t)

2f(t)f ′(t)− 2tf ′(t)2 − 2tf(t)f ′′(t) 2f(t)2 − 4tf(t)f ′(t) + 2t2f ′(t)2 + 2t2f(t)f ′′(t)

)
= 4f(t)3f ′′(t).

So f(t) must satisfy the ODE
f ′′(t) =

c

f(t)3
,

which can be integrated. First multiply both side by f ′(t), which gives
((f ′(t))2)′ + c(f(t)−2)′ = 0.

Integrating this, we have

f ′(t)2 + c(f(t))−2 = a =⇒ f ′(t) =
√
a− c(f(t))−2 =

√
af(t)2 − c

f(t)
,

for some constant c and a. One has
f df√
af 2 − c

= dt
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Denote u = af 2 − c, one has du
2a

√
u
= dt, then

√
u
a

= t+K, i.e.

f(t) =
√
A(t− t0)2 + C

for some constants A, t0, C, which means

u(x, y) = y2f(
x

y
)2 = y2[A(

x

y
− t0)

2 + C] = A(x− t0y)
2 + Cy2,

which is a positive definite quadratic polynomial. □

A corollary of this is that we can classify precisely the cones (C, C′) ⊂ (R2,R2) for which a homoge-
nous optimal transport map of the form ((C, dx), (C′, dy), u, v) exist.

Corollary 6.6. Let (C, C′) ⊂ (R2
x,R2

y) be two convex cones, then a homogenous optimal transport
map of the form ((C, dx), (C′, dy), u, v) exists iff we are in one of the following four cases:

(1) (Half-space case) Both C and C′ are half-spaces and l · l′ > 0, where l and l′ are the linear
functions defining the half-space C and C′ respectively. In this case, there is a one-parameter
family of optimal maps between C and C′.

(2) (Acute/strongly oblique case) Both C and C′ are strict cones and C′ \ {0} ⊂ int(C◦). In this
case, there is a unique homogeneous optimal transport map that maps C to C′.

(3) (Right angle case) Both C and C′ are strict cones and C′ = C◦, in which case there is a
one-parameter family of homogeneous optimal transport maps from C to C′.

(4) (Obtuse case) Both C and C′ are strict cones and C◦ \ {0} ⊂ int(C′). In this case, there is a
unique homogeneous optimal transport map that maps C to C′.

Proof of Corollary. Assume such a homogeneous optimal transport map ((C, dx), (C′, dy), u, v) exist,
then Proposition 6.5 implies u and v are positive quadratic polynomials which are Legendre dual.
Hence there exists an affine transformation A with detA = 1 that puts u and v into its standard
form, which means

A · ((C, dx), (C′, dy), u, v) = ((C̃, dx), (C̃′, dy),
|x|2

2
,
|y|2

2
).

In this new form, the optimal transport map is just given by the identity map, hence we have C̃ = C̃′,
and the four cases correspond to different types of cones C̃.

If C̃ is a half-space (which, after a rotation can be assumed to be the upper half-space), that puts
us into case 1. In this case, there is a 1-parameter family of optimal transport maps given by

uλ(x) =
λx21
2

+
x22
2λ
.

If C̃ is an acute cone (i.e. cone angle θ < π
2
), then we are in case 2, and in this case the optimal

transport map is unique.
If C̃ has cone angle θ = π

2
, then we are in case 3. In this case after rotation it can be assumed that

C̃ = {x1 > 0, x2 > 0}) and again there is a 1-parameter family of optimal transport maps given by
uλ(x) =

λx21
2

+
x22
2λ

.
Finally if C̃ is an obtuse cone, (i.e. cone angle θ > π

2
) then we are in case 4, and in this case, the

homogeneous optimal transport map is unique as well. □

The next theorem says that if we are in case 4, the sections are always round.

Theorem 6.7. Let ((Ω, dx), (Ω′, dy), u, v) be an optimal transport map between convex domains in
R2 satisfying 0 ∈ ∂Ω ∩ ∂Ω′ and 0 = u(0) = |∇u|(0). Let (C, C′) be the tangent cones of (Ω,Ω′) at 0.
If (C, C′) are both strict cones and C◦ \ {0} ⊂ int(C′), then the sections of (u, v) are round at 0.
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Proof. First we normalize (C, C′). By applying an affine transformation A with detA = 1, we can
arrange that

C = {x ≥ 0, y ≥ 0}
and

C′ = {y ≥ −ax, x ≥ −ay}
for some 0 < a < 1. Moreover since (Ω,Ω′) is asymptotic to (C, C′) near zero, that means we can
write

Ω = {(x, y) : y ≥ f+(x), x ≥ f−(y)}
and

Ω′ = {(x, y) : y ≥ −ax+ g+(x), x ≥ −ay + g−(y)}
where f±, g± ≥ 0 are convex functions with limt→0

f±(t)
t

= limt→0
g±(t)
t

= 0.
From here, the basic idea is to show that if the sections are not round, then the direction of the

long axis must align with the boundary of the cone C. By symmetry, this must be true for both u
and v, but that is inconsistent with the condition C◦ \ {0} ⊂ int(C′).

Let Eh be the John Ellipsoid of Sh(u, 0), which by uniform density (Lemma 4.2) is comparable
to Sch(u, 0). Suppose for contradiction that Eh is highly eccentric for h � 1. If we let v1(h), v2(h)
denote unit vectors in the directions of the long and short axis of Eh respectively, and l1(h), l2(h) be
the lengths of the long and short axis, then this means we have v1 ⊥ v2, and l1 � l2 for h� 1.

Now we claim that for any θ > 0, there exists h0 > 0 such that for all 0 < h < h0, the axis
vectors must lie θ close to the two coordinate axis, that is v1(h), v2(h) ∈ Bθ(e1) ∪ Bθ(e2) for h
sufficiently small. To see this we first note that since l1(h) � l2(h) for h sufficiently small, therefore
∂Sh(u, 0) ∩ ∂Ω is two points, which we call (x±, y±) satisfying f+(x+) = y+ and f−(y−) = x−. We
denote

Th := Convex Hull({(0, 0), (x+, y+), (x−, y−)})
and

Rh := {x ≥ 0, y ≥ 0, y ≥ a−1(x− x+), x ≥ a−1(y − y−)},
then we have

Th ⊂ Sh(u, 0) ⊂ Rh.

Moreover without loss of generality, we can assume x+ ≥ y− (otherwise we flip the two coordinate
axis), then there exist c > 0, and x′ ∈ Th such that Bc|y−|(x

′) ⊂ Th, and there exist C > 1 such that
Rh ⊂ BC|x+|(0). Without lost of generality, we can assume that x+ ≥ y− (if not, then we can flip the
two axis), then for any C > 0, there is sufficiently small h for which x+ ≥ Cy−. If not, then x+ ∼ y−
and

Bc|x+|(x
′) ⊂ Th ⊂ Sh(u, 0) ⊂ Rh ⊂ BC|x+|(0),

which would imply that Sh(u, 0) are round.
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Next we claim for any δ > 0, there exist sufficiently small h for which Sh(u, 0) ⊂ Pδ|x+|, where
Pδ|x+| = Rh ∩ {y ≤ δ|x+|}.

If not, then there exist (x0, δ|x+|) ∈ Sh with x0 ≤ 2|x+|, which means
ConvexHull{(0, 0), (x+, y+), (x0, δ|x+|)} ⊂ Sh(u, 0),

and if x+ is sufficiently small, we have y+ < δ
2
x+, therefore

Bcδ|x+|(x
′) ⊂ ConvexHull{(0, 0), (x+, y+), (x0, δ|x+|)} ⊂ Sh(u, 0)

which would mean that the sections Sh(u, 0) are round.
Thus for h sufficiently small

Th ⊂ Sh(u, 0) ⊂ Pδ|x+| ⊂ E(C|x+|, δ|x+|).
If we pick δ sufficiently small, then it follows from this that the long axis of the John ellipsoid of
Sh(u, 0) must point θ-close to the e1-direction, which means v1 ∈ Bθ(e1).

Now we show this is a contradiction. The same argument applied to both u and v shows that we
can find sequence hi → 0 for which Shi(u, 0) and Shi(v, 0) are becoming more and more eccentric,
and the long axis of Shi(u, 0) point towards on the coordinate axis, while the long axis of Shi(v, 0)
point towards an axis of C′, moreover since we know by Lemma 4.2 that |Sh(u, 0)| ∼ |Sh(v, 0)| ∼ h,
this implies there exist xh ∈ Sh(u, 0) pointing in the direction of the long axis (i.e. xh

|xh|
∈ Bθ(ei))

with |xh| � h
1
2 , and there exist yh ∈ Sh(v, 0) pointing in the direction of the long axis (i.e. yh

|yh|
∈

Bθ((
1√

1+a2
,− a√

1+a2
))) such that |yh| � h

1
2 . Since the axis of C and C′ are not perpendicular, it follows

that for h sufficiently small
|xh · yh| ≥ δ|xh||yh| � h,

but this contradicts Proposition 2.3. □
As a consequence of this, we can give a complete answer to Question 6.3 for polygonal domains in

the plane.

Theorem 6.8. Let ((Ω, dx), (Ω′, dy), u, v) be an optimal transport map between two polygonal domains
in R2. Suppose 0 ∈ ∂Ω ∩ ∂Ω′ with 0 = u(0) = |∇u|(0) and let (C, C′) be the tangent cones of (Ω,Ω′)
at 0. Then the sections at 0 are round iff there is a homogeneous optimal transport map between
(C, C′). (i.e. iff we are in one of the situations of Corollary 6.6.)

Proof. If there is no homogeneous optimal transport map between the tangent cones, by Theorem 6.2,
the sections cannot be round at 0. On the other hand, if there is a homogeneous optimal transport
map between the tangent cones (C, C′), then we are in one of the four situations of Corollary 6.6, so
we consider the 4 cases separately.

In the first case, we can reflect the optimal transport map across the boundary of the half-space,
which turns the origin into an interior point, which means the sections are round.

In the second case, Theorem 6.4 tells us that the sections are always round.
In the third case, we can reflect the optimal transport map across one of the boundary sides to

return to case 1.
In the fourth case, Theorem 6.7 tells us that the sections are always round. □

Remark 6.9. In the case when the domains (Ω,Ω′) are not polygonal, if we are in case 2 and 4 of
Corollary 6.6, then Theorem 6.4 and Theorem 6.7 still applies. The only cases where roundness is
not known is cases 1 and 3. In those cases, any blow-up must live on the tangent cone, but there is
a one-parameter family of homogeneous optimal transport maps between the tangent cones, and it is
conceivable that there could be a solution that interpolates between different members of this family
at different scales.
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6.3. Homogeneous densities. In this section, we focus on the situation when the domain Ω ⊂
{xn ≥ 0} is locally a strict cone, and the target is locally equal to the half-space {yn ≥ 0} equipped
with a homogenous density g′(y) = ykn. This situation arises in the study of complete Calabi-Yau
metrics of Tian-Yau type in our previous work with S.-T. Yau [CTY], and as a limiting description
of intermediate complex structure degeneration of Calabi-Yau manifolds, as shown in the work of
Li [?]. In fact, together with S.-T. Yau, we have constructed homogeneous optimal transport maps
between the cones of this type [CTY, Corollary 1.1]. In this situation, we show that the roundness
of sections always hold.

Theorem 6.10. Suppose that near the origin, Ω is equal to a strict cone C = {xn ≥ ϕC(x
′)}, so

Ω ∩Br0 = C ∩Br0 and Ω′ is locally a halfspace Ω′ ∩Br0 = {yn ≥ 0} ∩Br0, and moreover assume the
density g(x) which is homogeneous of degree l and g′(y) = ykn. If in addition k > l ≥ 0, then the
sections of u are round. In particular, there exist C > 1, and h0 > 0 such that for all 0 < h < h0,
we have

B
C−1h

1
1+α

⊂ Sch(u, 0) ⊂ B
Ch

1
1+α

and
B
C−1h

1

1+ 1
α

⊂ Sch(v, 0) ⊂ B
Ch

1

1+ 1
α

,

where α = n+l
n+k

∈ (0, 1].

Proof. Let us Eh be the John ellipsoid of the section Sch(v, 0), then Eh ∩ {yn = 0} is also an ellipsoid
centered at 0 in Rn−1, let l1(h) ≤ · · · ≤ ln−1(h) be the lengths of the principle axis of this ellipsoid,
which after a rotation by A ∈ SO(n − 1), we can assume is in the direction of the coordinate axis.
We also denote d(h) := sup{xn : x ∈ Sch(v, 0)} to be the height of Eh, then by John’s lemma there
exist C > 1 such that

C−1E(l1(h), . . . , ln−1(h), d(h)) ⊂ Sch(v, 0) ⊂ CE(l1(h), . . . , ln−1(h), d(h)).

By Proposition 2.3(2)(4), we also have

C−1E

(
h

l1(h)
, . . . ,

h

ln−1(h)
,
h

d(h)

)
⊂ Sch(u, 0) ⊂ CE

(
h

l1(h)
, . . . ,

h

ln−1(h)
,
h

d(h)

)
for C > 1 depending additionally on the doubling constant of g.

Since Ω′ is locally a half-space, it follows that the centered sections of v has a uniform lower density
bound

|Sch(v, 0) ∩ Ω′|
|Sch(v, 0)|

≥ c > 0

and by Proposition 2.3, the centered sections of u also has a similar density bound
|Sch(v, 0) ∩ Ω′|

|Sch(v, 0)|
≥ c > 0.

Moreover, since C is a strict cone, we have

C ⊂ C(BR(0)) := {(x′, xn) ∈ Rn : xn ≥ 1

R
|x′|}

for some R > 1. This implies the supporting hyperplanes of the sections Sh(v, 0) at points y ∈
Sh(v, 0) ∩ {yn = 0} have slope at most R, which implies

d(h) ≤ CRli(h) for i = 1, . . . , n− 1.

Moreover, by Proposition 2.3,

ν(Sh(v, 0)) ∼
ˆ
E(l1(h),··· ,ln−1(h),d(h))∩{yn≥0}

ykndy ∼ l1(h) · · · ln−1(h)d(h)
k+1
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and
µ(Sh(u, 0)) ∼

ˆ
E( h

l1(h)
,··· , h

ln−1(h)
, h
d(h)

)∩C
g(x)dx ∼ h

l1(h)
· · · h

ln−1(h)
(
h

d(h)
)l+1.

Therefore, the equation tells us that

l1(h) · · · ln−1(h)d(h)
k+1 ∼ h

l1(h)
· · · h

ln−1(h)
(
h

d(h)
)l+1 =⇒ (l1(h) · · · ln−1(h))

2d(h)k+l+2 ∼ hn+l.

This implies that
d(h)2n+k+l ≲ hn+l =⇒ d(h) ≲ h

n+l
2n+k+l .

But the monotonicity formula tell us that

µ(Sh(v, 0)) ∼ l1(h) · · · ln−1(h)d(h)
k+1 ≳ h

n+l

1+ n+l
n+k =⇒ d(h)

k−l
2 ≳ h

(n+l)(k−l)
2(2n+k+l)

since k ≥ l ≥ 0, this implies
d(h) ≳ h

n+l
2n+k+l .

Therefore we have d(h) ∼ li(h) ∼ h
n+l

2n+k+l , and the proposition is proved. □

Corollary 6.11. Under the assumptions of Theorem 6.10, blow-ups exists and are homogeneous
optimal transport maps between the corresponding tangent cones.

Proof. This follows immediately from Theorem 4.6. □

Remark 6.12. A consequence of this is that homogeneous solutions of the optimal transport problem
constructed in [CTY], which is expected to serve as a model at infinity for “generalized Tian-Yau
metrics”, arises as a blow-up limit for the optimal transport problem describing intermediate complex
structure degenerations of Calabi-Yau hypersurfaces [?]. This provides further evidence that general-
ized Tian-Yau metrics should exist and should arise as bubbles in the intermediate complex structure
degeneration of Calabi-Yau hypersurfaces.

7. Flat directions and mixed homogeneity

Let C = {xn ≥ ϕC(x
′)} ⊂ Rm be a strict cone. In this section, we consider optimal transport maps

from (Rn−m× C, dx) to (Rn−1×R+, y
k
ndy). This situation arises in our previous work with S.-T. Yau

[CTY]. We’ll see that in this case, the existence of flat-sides in the domain breaks the homogeneity,
and the solutions exhibit mixed homogeneous behaviour.

7.1. A Pogorelov estimate along flat directions. We first prove Pogorelov-type estimates for
solutions in the flat directions. When C = R+ is a one-dimensional cone, a Pogorelov-type estimate
was established by Jhaveri-Savin [JS, Proposition 4.1] using a doubling trick. The following estimate
generalizes this result to arbitrary cones and general densities.

Proposition 7.1. Let Ω ⊂ Rn
x and Ω′ ⊂ Rn

y . Suppose that the following structural conditions hold:
(i) There is a smooth convex function ϕΩ(x) = ϕΩ(x2, . . . , xn−1) such that ϕΩ(0) = 0 and

Ω ∩ B1(0) = {x ∈ B1(0) : xn ≥ ϕΩ(x2, . . . xn−1)}

(ii) There is a smooth convex function ϕΩ′(y) = ϕΩ′(y1, . . . , yn−1) such that ϕΩ′(0) = 0 and

Ω′ ∩B1(0) = {y ∈ B1(0) : yn ≥ ϕΩ′(y1, . . . yn−1)}

(iii) There is a smooth, positive function g(x) defined on Ω ∩ B1(0) and such that g(x) = g(x2, . . . , xn)
is independent of x1.
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(iv) There is a smooth, positive function g′(y) defined on Ω′ ∩ B1(0) and such that g′(y) is log-
concave and satisfies

n∑
p=1

∂g′

∂yp
yp ≤ κg′(y)

for some κ > 0 and for all y ∈ Ω′ ∩ B1(0).
Suppose that u is a convex function satisfying 0 = u(0) = |∇u|(0) and

g′(∇u) detD2u = g(x), in Ω ∩ B1(0)

∂u

∂xn
≥ ϕΩ′(

∂u

∂x1
, . . . ,

∂u

∂xn−1

), in Ω ∩ B1(0)

∂u

∂xn
= ϕΩ′(

∂u

∂x1
, . . . ,

∂u

∂xn−1

), on ∂Ω ∩ B1(0)

Let ℓ be the tangent plane to u at the origin, h > 0 and suppose that
Sh(u, 0) = {u < ℓ+ h} ⋐ B1(0) ∩ Ω.

Then we have a bound
u11|u− ℓ− h| ≤ C(n, κ, ‖u1 − ℓ1‖L∞(Sh(0))).

Proof. By subtracting a linear function from u, we may assume that u(0) = |∇u(0)| = 0. Let
Sh = Sh(u, 0) be the a section of height h centered at 0, and replace u with u− h. The argument is
a Pogorelov type argument, making essential use of the boundary data. Consider the quantity

Φ = log u11 + log |u|+ 1

2
u21

Let x∗ ∈ Sh be the point where Φ achieves its maximum. Either x∗ is an interior point, or x∗ lies on
∂Ω ∩ Sh ∩ B1.

Suppose first that x∗ is an interior point. We may perform a shearing transformation preserving
the x1 direction, followed by a rotation in the x2, . . . , xn directions in order to diagonalize D2u(x∗).
We note that since the x1-direction is preserved, the structural conditions (i) − (iv) are preserved
under this affine change of coordinates. Differentiating the equation g′(∇u) detD2u = g(x) in the
x1-direction,

guijuij1 +
∂g′

∂yp
up1

g

g′
= g1 = 0. Since g(x) = g(x2, · · · , xn).

Differentiating again, we obtain

0 = ∂1

(
uijuij1 +

∂

∂yp
(log g′)up1

)
= −uikujlukl1uij1 + uijuij11 +

∂2 log g′

∂yp∂yq
up1uq1 +

1

g′
∂g′

∂yp
up11.

Using that D2u is diagonal at x∗ (which yields upp = 1
upp

) we compute

(7.1)
∑
p

u1pp
upp

+
1

g′
∂g′

∂y1
u11 = 0

(7.2)
∑
p

u11pp
upp

+
1

g′
∂g′

∂yp
u11p =

∑
p,q

u21pq
uppuqq

− u211
∂2 log g′

∂y21

Differentiating Φ at x∗ we have

(7.3) Φp =
u11p
u11

+
up
u

+ u1pu1 = 0
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(7.4) Φpp =
1

u11
u11pp −

(u11p)
2

u211
+
upp
u

−
u2p
u2

+ u1ppu1 + u21p ≤ 0

Note that u1p = 0 for all p 6= 1. Multiplying (7.4) by upp = 1
upp

(Since D2u is diagonal at x∗) and
summing over p yields
(7.5)

0 ≥
∑

1≤p≤n

u11pp
u11upp

−
n∑
p=1

(u11p)
2

u211upp
+
n

u
−

n∑
p=1

u2p
u2upp

+ u1

n∑
p=1

u1pp
upp

+ u11

≥
∑

1≤p≤n

u11pp
u11upp

−
n∑
p=1

(u11p)
2

u211upp
+
n

u
−

n∑
p=2

u211p
u211upp

− u21
u2u11

+ u1

n∑
p=1

u1pp
upp

+ u11 using (7.3)

=

[ ∑
1≤p,q≤n

u21pq
uppuqqu11

− u11
∂2 log g′

∂y21
−

n∑
p=1

1

g′u11

∂g′

∂yp
u11p

]

−
n∑
p=1

(u11p)
2

u211upp
+
n

u
−

n∑
p=2

u211p
u211upp

− u21
u2u11

+ u1

n∑
p=1

u1pp
upp

+ u11 using (7.2)

≥
∑

2≤p,q≤n

u21pq
uppuqqu11

− u11
∂2 log g′

∂y21
−

n∑
p=1

1

g′u11

∂g′

∂yp
u11p +

n

u
− u21
u2u11

+ u1

n∑
p=1

u1pp
upp

+ u11

=
∑

2≤p,q≤n

u21pq
uppuqqu11

− u11
∂2 log g′

∂y21
+

1

g′
∂g′

∂y1
u11u1 +

n∑
p=1

1

g′
∂g′

∂yp

up
u

+
n

u
− u21
u2u11

+ u1

n∑
p=1

u1pp
upp

+ u11 using (7.3)

By (7.1) we have
u1
∑
p

u1pp
upp

+
1

g′
∂g′

∂y1
u11u1 = 0

Substituting this expression into (7.5) yields

(7.6) 0 ≥
∑

2≤p,q≤n

u21pq
uppuqqu11

− u11
∂2 log g′

∂y21
+
n

u
− u21
u2u11

+ u11 +
n∑
p=1

1

g′
∂g′

∂yp

up
u
.

Since u < 0 in Sh, the structural property (iv): g′(y) is log-concave, ∂g′

∂yp
yp ≤ κg′(y), (y = ∇u) gives

∂2 log g′

∂y21
≤ 0 and 1

g′

∑
p

∂g′

∂yp

up
u

≥ κ

u
.

Thus, in total, at x∗ we have
0 ≥ n+ κ

u
− u21
u2u11

+ u11.

Multiplying through the |u|2u11 yields
|u|2u211 + (n+ κ)|u|u11 ≤ u21 ⇒ |u|u11 ≤ C(n, κ, ‖u1‖L∞(Sh(0))).

We now address the case when x∗ ∈ ∂Ω ∩ Sh ∩B1(0). First we remark that since g, g′ are smooth
bounded strictly away from zero, the result of Chen-Liu-Wang [CLW], and the regularity theory of
Caffarelli [C2, C3], u is smooth up to the boundary

By obliqueness, we can apply a shearing transformation in the (x2, . . . , xn) directions which fixes
the xn direction, we may assume that en is the inward pointing normal vector to Ω at x∗. In other
words, we have ∂ϕΩ

∂xj
(x∗) = 0 for all 1 ≤ j ≤ n − 1. Similarly, by shearing transformation in the

(y1, . . . , yn) variables which fixes the yn direction we may assume that en is the inward pointing
normal vector to Ω′ at y∗ = ∇u(x∗). In other words, ∂ϕΩ′

∂yj
(y∗) = 0 for all 1 ≤ j ≤ n− 1.
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We may write the restriction of Φ to ∂Ω ∩ Sh ∩B1(0) as
Φ
∣∣
∂Ω
(x1, x2, . . . , xn−1) = Φ(x1, . . . , xn−1, ϕΩ(x2, . . . , xn−1))

Since Φ is maximized at x∗ we have

(7.7) 0 =
∂Φ

∂xj
+
∂Φ

∂xn

∂ϕΩ

∂xj
=
∂Φ

∂xj
for 1 ≤ j ≤ n− 1.

Differentiating a second time yields

(7.8)

0 ≥ ∂2Φ

∂x2j
+

∂2Φ

∂xn∂xj

∂ϕΩ

∂xj
+

(
∂2Φ

∂xj∂xn
+
∂2Φ

∂x2n

∂ϕΩ

∂xj

)
∂ϕΩ

∂xj
+
∂Φ

∂xn

∂2ϕΩ

∂x2j

=
∂2Φ

∂x2j
+
∂Φ

∂xn

∂2ϕΩ

∂x2j
+ 2

∂2Φ

∂xn∂xj

∂ϕΩ

∂xj
+
∂2Φ

∂x2n

(
∂ϕΩ

∂xj

)2

=
∂2Φ

∂x2j
+
∂Φ

∂xn

∂2ϕΩ

∂x2j

∣∣∣∣
x∗

We now consider the derivative of Φ in the xn direction. We have

Φn =
u11n
u11

+
un
u

+ u1u1n

On the other hand, from the boundary data we have
un = ϕΩ′(u1, . . . , un−1)

and so

u1n =
n−1∑
p=1

∂ϕΩ′

∂yp
u1p u1n(x∗) =

n−1∑
p=1

∂ϕΩ′

∂yp
(y∗)u1p(x∗) = 0.

Differentiating again yields

u11n =
∑

1≤p,q≤n−1

∂2ϕΩ′

∂yp∂yq
u1pu1q +

n−1∑
p=1

∂ϕΩ′

∂yp
u11p.

By (7.7) we have
Φp =

u11p
u11

+
up
u

+ u1pu1 = 0 for 1 ≤ p ≤ n− 1

and so
u11n
u11

=
∑

1≤p,q≤n−1

∂2ϕΩ′

∂yp∂yq

u1pu1q
u11

−
n−1∑
p=1

∂ϕΩ′

∂yp

(up
u

+ u1pu1

)
.

This gives

Φn =
∑

1≤p,q≤n−1

∂2ϕΩ′

∂yp∂yq

u1pu1q
u11

−
n−1∑
p=1

∂ϕΩ′

∂yp

(up
u

+ u1pu1

)
+
ϕΩ′

u
+ u1

n−1∑
p=1

∂ϕΩ′

∂yp
u1p

=
∑

1≤p,q≤n−1

∂2ϕΩ′

∂yp∂yq

u1pu1q
u11

+
1

|u|

(
n−1∑
p=1

∂ϕΩ′

∂yp
up − ϕΩ′

)
.

By the convexity of ϕΩ, the first term is non-negative. By the convexity of ϕΩ′ and ϕΩ′(0) = 0, the
second term is non-negative as well. Hence we conclude that

Φn(x∗) ≥ 0.

In particular, we must have
(7.9) Φn(x∗) = 0 and Φnn(x∗) ≤ 0.
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Substituting this into (7.8) we obtain

(7.10) ∂Φ

∂xj
(x∗) = 0 and ∂2Φ

∂x2j
(x∗) ≤ 0.

Finally, since u1n(x∗) = 0, we may perform a shearing transformation preserving the x1 and xn
directions so that D2u(x∗) is diagonal. By structural condition (i), ∂Ω′ is invariant under translations
in the x1 direction and so equations (7.1), (7.2) hold up to the boundary. Furthermore, by (7.9)
and (7.10) we conclude that (7.3) and (7.4) also hold at x∗. We may therefore treat x∗ as if it were
an interior point, and the previous argument leads to the desired estimate. □

Remark 7.2. In Proposition 7.1, the non-degeneracy of the measures g(x)dx and g′(y)dy, as well
as the smoothness of the boundaries Ω,Ω′ can typically be relaxed by an approximation argument;
see for example [JS, Proposition 4.1]. We given an example of such an argument in the proof of
Theorem 7.3 below.

7.2. Shape of sections in mixed homogeneity case. We now prove the main result of this
section, which gives the shape of sections when the domains has flat side. As we can see, the flat
sides breaks the homogeneity, and the solution exhibits mixed homogeneous behaviour.

Theorem 7.3. Suppose that near the origin Ω is locally equal to Rn−m× C and Ω′ is locally equal to
Rn−1 × R+, and g(x) = 1, g′(y) = ykn. Then there exist C > 1 such that for h� 1, we have

Bn−m
C−1h

1
2
× Bm

C−1h

1
1+ m

m+k

⊂ Sch(u, 0) ⊂ Bn−m
Ch

1
2
× Bm

Ch

1
1+ m

m+k

,

and
Bn−m
C−1h

1
2
× Bm

C−1h

1

1+m+k
m

⊂ Sch(v, 0) ⊂ Bn−m
Ch

1
2
× Bm

Ch

1

1+m+k
m

.

Proof. Let Sch(v, 0) ∼ E(l1, l2, . . . , ln−1, d(h)) and Sch(u, 0) ∼ E( h
l1
, h
l2
, . . . , h

ln−1
, h
d(h)

) and assume with-
out loss of generality that

l1 ≤ l2 ≤ · · · ≤ ln−1.

First we claim that by the Pogorelov estimate (Proposition 7.1) we have

(7.11) l1 ∼ ln−m ∼ h
1
2 .

We first prove that ℓn−m ≲ h
1
2 using Proposition 7.1 and an approximation argument. By the duality

of sections, and rotational symmetry in the (x1, . . . , xn−m) variables, it suffices to prove the bound

sup
Sh0

(u,0)

u11 ≤ C

Suppose that u satisfies the assumptions of the theorem, and let v = u∗ be the Legendre dual of
u. Fix some h0 and some δ > 0 so that Sh0(u, 0) ⊂ B1−2δ. Choose a sequence Cj ⊂ Rm of smooth
convex sets approximating C in B1(0), and choose also a sequence of sets Υj ⊂ {y ∈ Rn : yn ≥ 0}
which are dilations of Υ := ∇u((Rk × C) ∩B1(0)), such that for j sufficiently large

• we have the containment

Υδ := ∇u(((Rn−m × C) ∩B1−δ(0)) ⋐ Υj.

• the mass balancing condition holds:ˆ
(Rn−m×Cj)∩B1(0)

dx =

ˆ
Υj

(yn +
1

j
)kdy
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Let vj be convex function solving the optimal transport problem

(7.12)
detD2vj = (yn + j−1)k, in Υj

∇vj(Υj) = (Rn−m × Cj) ∩B1(0)

By the regularity theory for optimal transport maps [C1, C2, CLW, JS] we have that, for any j,
vj ∈ C2,α(Υδ) and the vj are uniformly bounded in C1,α(Υδ), and hence vj converge to v in C1,α(Υδ).
In particular, if uj denotes the Legendre transform of vj, then for j large uj satisfies

(7.13)

(
∂uj
∂xn

+ j−1)k detD2u = 1, in (Rn−m × Cj) ∩ Sh0(uj, 0)

∂uj
∂xn

≥ 0, in (Rn−m × Cj) ∩ Sh0(uj, 0)

∂uj
∂xn

= 0, on (Rn−m × ∂Cj) ∩ Sh0(uj, 0)

We may therefore apply Proposition 7.1 uniformly to uj with κ = k, and the result follows by taking
the limit as j → ∞.

Next we prove the reverse estimate ℓ1 ≳ h
1
2 , which will follow from the estimate

sup
Sh0

(v,0)

v11 ≤ C

for some C, h0. Since the approximation argument is similar to the preceding argument, we only
sketch the details. We choose a sequence of smooth convex functions ϕCm such that ϕCm(0) = 0, and
ϕCm converge to ϕC uniformly on compact sets. Let

Cm = {xn ≥ ϕCm(x1, . . . , xn−1)}

We now solve a sequence of optimal transport problems with smooth non-degenerate measures given
by dx and (yn + ε)kdy, and targets contained in Cm. The result follows by applying the preceding
Pogorelov interior estimate, and passing to the limit as m→ ∞.

We have thus established (7.11). By similar arguments to those in the proof of Theorem 6.10 we
will show that

d(h) ≲ ln−m+1 ≤ · · · ≤ ln−1.

Indeed, let {e1, . . . , en} be the standard basis of Rn and let Sc,ih (v, 0) = Sch(v, 0)∩Span{ei, en}. Define

−ℓi(h) = min{xi : (xi, 0) ∈ Sc,ih (v, 0)}
ri(h) = max{xi : (xi, 0) ∈ Sc,ih (v, 0)}

and note that ℓi(h) ∼ ri(h) by balancing. Since C is a strict cone, we have

ϕC(xn−m+1, . . . , xn−1) ≥ c max
n−m+1≤i≤n−1

|xi|

for some uniform c > 0 depending only on C. For any n −m + 1 ≤ i ≤ n − 1, the boundary values
yield

∂v

∂yn
(−ℓi(h)ei) = ϕC(

∂v

∂yn−m+1

(−ℓi(h)ei), . . . ,
∂v

∂yn−1

(−ℓi(h)ei))

≥ c| ∂v
∂yi

(−ℓi(h)ei)|

≥ c
ℓi(h)

h
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where we used convexity of v in the last line. From now on we consider the two dimensional subspace
R2 = Span{ei, en} ⊂ Rn for n−m+ 1 ≤ i ≤ n. Let

η⃗ =

(
∂v

∂yi
(−ℓi(h)ei),

∂v

∂yn
(−ℓi(h)ei)

)
.

Then we have shown that η⃗ · en > c|η⃗ · ei|, and the line
(yi + ℓi(h), yn) · η = 0

is a supporting line for Sc,ih (v, 0),intersecting the line {ri(h)ei + ten : t ∈ R} at a point ri(h)ei + t∗en
where t∗ ∼ ℓi(h). Therefore,

dh ≲ min
n−m+1≤i≤n−1

{ℓi(h), ri(h)} ≲ ln−m+1

as desired.
From the mass balancing condition imposed by the equation, we have

hn

l1 . . . ln−1d(h)
∼ |Sh(u, 0)| ∼

ˆ
Sh(v,0)

ykndy ∼ l1 · · · ln−1d(h)
k+1

which implies
hm ∼ (ln−m+1 · · · ln−1)

2d(h)k+2 ≳ d(h)k+2+2(m−1)

and so
|Sh(u, 0)| ≲ h

n−m
2

+ m
1+ m

m+k .

We claim that a comparable lower volume bound holds
Lemma 7.4. In the above setting, there is a constant c > 0 so that

(7.14) |Sh(u, 0)| ≥ ch
n−m

2
+ m

1+ m
m+k

for all h ≤ 1.
Assuming Lemma 7.4, the shape of the sections follows as in Theorem 6.10. □

It only remains to prove Lemma 7.4.
Proof of Lemma 7.4. We argue by induction on m. First note that it suffices to prove (7.14) for all h
sufficiently small, up to redefining c. When m = 1, the result follows from the work of Jhaveri-Savin
[JS, Theorem 1.4]. Suppose that (7.14) is not true. Set

γ =
n−m

2
+

m

1 + m
m+k

For ε > 0 define the set of “ε-bad scales” to be
B(ε) = {h ∈ R+ : 0 < h ≤ 1 and εhγ ≤ |Sh(u, 0)| ≤ 2εhγ}

and let
B̂(ε) :=

⋃
τ≤ε

B(τ) = {h ∈ R+ : 0 < h ≤ 1 and |Sh(u, 0)| ≤ 2εhγ}

Suppose that, for some ε > 0 we have inf B̂(ε) = δ > 0. Then, for all h < δ we have
|Sh(u, 0)| ≥ 2εhγ

which is the desired result. Thus we may assume that there is a sequence hi ↘ 0, and a sequence
εi ↘ 0 such that hi ∈ B(εi). We will show that this scenario leads to a contradiction. The main
technical tool is the following claim:
Claim 7.5. Fix a constant K ≥ 1. There exists h0, ε0, and λ0 ∈ (0, 1) such that, if h < h0, and
ε < ε0, and εhγ ≤ |Sh(u, 0)| ≤ 2εhγ, then for some h′ ∈ (λ0h, h) we have |Sh′(u, 0)| ≥ 2Kε(h′)γ.
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We now prove (7.14) and hence Lemma 7.4, assuming Claim 7.5. First, observe that by convexity
we have the containment

1

2
Sh(u, 0) ⊂ Sh

2
(u, 0)

and hence, if h ∈ B(ε)

|Sh
2
(u, 0)| ≥ 2−n|Sh| ≥ 2−n+γε

(
h

2

)γ
In particular, we have

(7.15) h ∈ B(ε) ⇒ h

2
/∈ B̂(2−n+γε).

We apply the claim with K = 2n−γ > 1. Let ε0, h0, λ0 be as in the claim. Let

h1 = inf{h < h0 : h /∈ B̂(ε0)}.

By (7.15) we have h1 ∈ B(ε1) for some ε1 ∈ (K−1ε0, ε0). By Claim 7.5 we conclude that there is an
h2 ∈ (λ0h1, h1) such that h2 /∈ B̂(Kε1). In particular, we obtain

h2 ∈ B(ε2) for ε2 > Kε1 > ε0

Thus, for every h ∈ (h2, h1) ⊂ (λ0h1, h1) we have
|Sh(u, 0)| ≥ |Sh2(u, 0)| ≥ ε0h

γ
2 ≥ ε0λ

γ
0h

γ
1 ≥ ε0λ

γ
0h

γ

We can now repeat the argument, taking

h3 = inf{h < h2 : h /∈ B̂(ε0)},

and proceeding as before. It follows that
|Sh(u, 0)| ≥ ε0λ

γ
0h

γ for all h < h0

which contradicts our assumption regarding the existence of the sequence (hi, εi). □

In order to complete the proof of Lemma 7.4 (and thereby Theorem 7.3), it only remains to prove
Claim 7.5.

Proof of Claim 7.5. The proof is by contradiction. If the claim is not true, then there exist hp, εp, rp, δp, µp ∈
(0, 1) such that hp ↘ 0, εp ↘ 0, µp ↘ 0 as p→ ∞, and

rp < hp, δp < εp, rp ∈ B(δp)

and such that, for all h′ ∈ (µprp, rp) we have h′ ∈ B̂(Kδp). By assumption we have rp → 0 and
|Srp(u, 0)|

rγp
≤ 2δp → 0.

From the preceding analysis of the sections, this can only occur if d(rp)

ln−1(rp)
→ 0. Hence, the rescaled

functions

up(x) :=
u( rp

l1(rp)
x1, . . . ,

rp
ln−1(rp)

xn−1,
rp
d(rp)

xn)

rp

satisfy

detD2up =
rnp

(l1(rp) · · · ln−1(rp))2d(rp)k+2

1

(up)kn

and since hn

(l1···ln−1)2d(h)k+2 ∼ 1, we can take a convergent subsequence converging to u∞, which is a
limiting optimal transport map ((Rn−m+j × C̃, dx), (Rn−1 × R+, y

k
ndy), u∞, v∞) for some j > 0 and
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some strict cone C̃ ⊂ Rm−1−j ×R+. Therefore, by the induction hypothesis, there are constants c, C
so that for all h ≤ 1 there holds

ch
n−m+p

2
+ m−p

1+
m−p

m−p+k ≤ |Sh(u∞, 0)| ≤ Ch
n−m+p

2
+ m−p

1+
m−p

m−p+k .

If we denote β := n−m+j
2

+ m−j
1+ m−j

m−j+k

, then since j > 0, we have β < γ. Fix Λ large so that

1

2

c

C
Λγ−β > 4K.

Then, for p sufficiently large we have

|S rp
Λ
(u, 0)| ≥ c

2C

1

Λβ
|Srp(u, 0)| = Λγ−β

c

2C

1

Λγ
|Srp(u, 0)|

≥ 4K
1

Λγ
|Srp(u, 0)|

≥ 4K
1

Λγ
δpr

γ
p

and so rp
Λ
/∈ B̂(Kδp) for p large, a contradiction. □

References
[CT] T. C. Collins and F. Tong. Boundary Regularity of Optimal Transport Maps on Convex Domains. Arxiv.05395,

reprint.
[BLMR] Brendle, S., Léger, F., McCann, R. J., Rankin, C.,A geometric approach to apriori estimates for optimal

transport maps, J. Reine Angew. Math. 817 (2024), 251-266
[Br] Brenier, Y. Polar factorization and monotone rearrangement of vector-valued functions. Comm. Pure Appl.

Math. 44 (1991), no. 4, 375–417.
[C1] Caffarelli, L. The regularity of mappings with a convex potential. J. Amer. Math. Soc. 5 (1992), no. 1, 99–104.
[C2] Caffarelli, L. Boundary regularity of maps with convex potentials. Comm. Pure Appl. Math. 45 (1992), no. 9,

1141–1151
[C3] Caffarelli, L. Boundary regularity of maps with convex potentials. II Ann. of Math. (2) 144 (1996), no. 3,

453–496.
[C4] Caffarelli, L., Interior W 2,p estimates for solutions of the Monge-Ampère equation, Ann. of Math. (2), 131

(1990), no. 1, 135-150.
[CNS] Caffarelli, L., Nirenberg, L., Spruck, J., The Dirichlet problem for nonlinear second-order elliptic equations.

I. Monge-Ampère equation, Comm. Pure Appl. Math., 37 (1984), no. 3, 369-402
[CF] Chen, S., Figalli, A., Partial W 2,p regularity for optimal transport maps, J. Funct. Anal. 272 (2017), no. 11,

4588–4605
[CLW] Chen, S., Liu, J., X.-J. Wang Global regularity for the Monge-Ampère equation with natural boundary condition.

Ann. of Math. (2) 194 (2021), no. 3, 745–793.
[CYau] Cheng, S.-Y., Yau, S.-T., On the regularity of the Monge-Ampère equation det(∂2u/∂xi∂xj) = F (x, u), Comm.

Pure Appl. Math., 30 (1977), no. 1, 41-68.
[CTY] Collins, T.C., Tong, F., S.-T, Yau A free boundary Monge-Ampère equation and applications to complete

Calabi-Yau metrics. arXiv:2402.10111
[De] Delanoë, P.,Classical solvability in dimension two of the second boundary-value problem associated with the

Monge-Ampère operator, Ann. Inst. H. Poincaré C Anal. Non Linéaire, 8 (1991), no. 5, 443-457
[JS] Jhaveri, Y., Savin, O. On the regularity of optimal transports between degenerate densities, Arch. Ration.

Mech. Anal. 245 (2022), no. 2, 819–861
[Sa1] Savin, O., Global W 2,p estimates for the Monge-Ampère equation, Proc. Amer. Math. Soc., 141 (2013), no.

10, 3573-3578.
[Sa2] Savin, O., Pointwise C2,α estimates at the boundary for the Monge-Ampère equation, J. Amer. Math. Soc., 26

(2013), no. 1, 63–99
[SaYu] Savin, O. Yu, H. Regularity of optimal transport between planar convex domains. Duke Math. J. 169 (2020),

no. 7, 1305–1327.
[TY] Tian, G., Yau, S.-T. Complete Kähler manifolds with zero Ricci curvature. I. J. Amer. Math. Soc. 3 (1990),

no. 3, 579–609.



40 GUOQING CUI

[TW] Trudinger, N. S., Wang, X.-J., Boundary regularity for the Monge-Ampère and affine maximal surface equa-
tions, Ann. of Math. (2), 167 (2008), no. 3, 993-1028.

[Ur] Urbas, J., On the second boundary value problem for equations of Monge-Ampère type, J. Reine Angew. Math.,
487 (1997), 115-124

[Yuan] Yuan, Y. A monotonicity approach to Pogorelov’s Hessian estimates for Monge-Ampere equation. Math. Eng.
5 (2023), no. 2, Paper No. 037, 6 pp.

School of Mathematical Sciences, Peking University, Beijing 100871, China
Email address: gqcui25@stu.pku.edu.cn; gqcuimath@163.com


	1. Monotonicity approach to Pogorelov's Hessian estimates
	2. Preliminaries in optimal transport maps
	3. Monotonicity formula
	4. Homogeneity of Blow-ups
	4.1. With Hölder continuous density
	4.2. With homogeneous density

	5. Global regularity for Hölder continuous densities
	5.1. C1, 1- and W2, p regularity
	5.2. C2, -regularity for domains with C1, -boundary

	6. Roundness of sections
	6.1. Strongly oblique case
	6.2. 2D domains with Lebesgue measure
	6.3. Homogeneous densities

	7. Flat directions and mixed homogeneity
	7.1. A Pogorelov estimate along flat directions
	7.2. Shape of sections in mixed homogeneity case

	References

